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~ Chapter 10
FACTORS’ AND EXPONENTS

The important ideas throughout *i.ls chapter are those of .
..factors and factoring, and it is these 1deas whichuwemmust_putwonmw“wﬂ;
_a firm mathematical foundation. The traditional treatment of these

1deas has tended to be one of symbol pushing with technique as 1ts =~ =
primary obJjective. It is our alm to make understanding the primary
obJective} Without understanding, a great deal of confusilon 1is

tound to occur. For example, if a student were to ask why 7 1s

not a factor of 6 (since T x-% = 6, and -% is a perfectly good

2

number), or if he should ask why %~ + 1 1s not a factor of x

(%ince ;??i:ji (x + 1) = ) , he would be unable'to find an
. answer within the framework of what is usually taught. "Dontt be
silly--you can see they dontt come out teventl" is probably'as

satisfactory a reply as he could find.

In this chapter we shall be concerned with the algebraic

structures which are behind our usual ideas of factoring. We _
shall .be concerned mainly with the set of all positive integers m”; ;;
which are, as we recall, closed under both addition and multipli- .
cation. It is, in fact, possible to think of fhe positive integers,-f
as "generated" from just."1l" under addition to "obtain" any posi- . ”
'tive integer. This idea, which 1s rather simple for lntegers, will
vbe of considerable help when we study polynomials. The basic 1ideza.
'is the definition of a proper factor. - An integer 1is sa*d to be ‘
factorable if it has a proper factor and is prime if it does_not"'
have a proper factor. . ' : ' s

T4 is very important to keep in.mind that these ideas of PR

. .factors and factoring depend on the set over which we do the fac-gm'5i

f;ftoring.“ Over the set of positive integers, 4 1s a factor of 1?.“.€

““If we permitted all’ integers, ~-4 and - % would poth be factors -
of 12. If we factor over the rational numbers, then '§ is a

9




272
factor of 12, as well, If we factor over the real numbers, any
number 1s a factor of 12, and the idea has become meaning1ess.
Wnen we speak of factoring a poéitive integer, we shall always
mean over. the set of positive integers, unless another set 1is
specified, since the information about factors of integers of
‘interest to us in this chapter can be obtalned from the positive
integers.. .

The theorems we prove about factors will be stated in such a
way that they immediately generalize to polynomials, for this i1s
where we shall want them all again.

Students who have studied the SMSG 7th Grade course will have
" a good start in the ldeas of factors, prime numbers and least
common multiples. They may need to spend less time on these topics
than other students would need.

10-1. Factors and Divisibility

The point of the story of the farmer with eleven cows 1s that
the number 12 " has a property which 11 does not, namely: 12
has factors other than one and itself. Specifically, 212 can be
divided exactly by 2, 4, and 6, Eleven cannot be divided exactly
by these numbers. The reason the stranger got his cow back was

that -]2= +% +% equals %—,].2'- . _

The fact that any positive integer has 1itself and 1 as
factors follows from the property of 1: a*l = a. But sSome posi-
tive integers have factors other than 1 and 1tself. We céll this
kind of a factor a proper factor. Observe the similarity of the
factor-proper factor. relation to the subset-proper subset relation.
"proper" is a word people use to indicate the really interesting
~_cases of a pabticular concept. Think, for a moment, of what we
' mean by "proper fraction".

‘ After the definition of proper factor, the question 1is asked,
"Does 1t follow from this definition that m also can equal
neither 1 nor n?" If m 1s a proper factor of n we mean that

(pages 2U47-248]
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there 1s a positive integer q (q # 1, q # n) such that mq = n.
Then another name for 'q is = . If m=1, then g =2 -3 =n.
This is a contfadiction. If m =n, then q ='% = %-= 1. This is

a contradiction. _
Problems 1-15 of Problem Set 10-~la are meapt to reinforce”them_fwm

idea that if m 1s a factor of n, then ?% 1s a factor of n.
Students may make some declsions on the basis of divisibility rules;’
for example, 5 1s not a factor of 24 since any number divisible
by 5 would be named by a numeral which ends In 5 or 0. In

' problems 16 to 35 we want the student to recall his knowledge of

" divisibility of numbers in order to recognize proper factors of a
number. These problems lead into a discussion of rules of divisi-
bllity based on the numeral representing the number.

Answers to Problem Set 10-la; pages 249-250:
1.  Yes. 2 x 12 = 2k,

2. Yes. 3 x 8 = 2k,
3. No. ‘There is no integer gq such that 5eq = 2k.
L, Yes. 6 x b = 24,

. No. There is no integer q such that 9.q = 2k.
2k,

. No. There is no integer g such that 13.q

5
6
7. Yes. 12 x 2 = 2k,
8. Yes. 24% x 1 = 2h.
9. Yes. 13 X 7 = 91.

10. Yes. 30 x 17 510.

n

11. Yes. 12'x 17 = 20k.
- 12.-Yes. 10 x 10,000 = 100,000.

13. Yes. 3 x 3367 = 10,101. ,

14, Yes., 6 x 3367
15. Yes. 12 x 3367 = 40,40k,
[page 249]
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The students shouid note that the answers for Problems
. 14 and 15 follow directly from Problem 13. The form of ‘the
answers may suggest how the assoclative property facllitates

the work: .
~ asb = ab
(2a)b = 2ap

, (4a)b = 4ab

16. 85: 55 5x 17 = 85 |

17. 51: 3; 3 X 1i7 =51

18. 52: 2; 2%x 26=52 ., U4; U x 13 =52
19. 29: not factorable

20. 93: 3; 3 X 31 =93

21. 92: 2; 2 X 46_: 92 . 4;. b x 23 = 92
22, 37:: not Ffactorable

23. 94: 2; 2 X 47 = gh -

2k, 55: 5; S X 11 = 55

25. ©61: not factorable

26. 23: not factorable

27. 123: 3; 3 x 41 = 123

28. 57: 3; 3x 19 = 57

29. 65: 5; 5x 13 = 65 ' e
30. 122: 2; + 2 x 51 = 122

3i. 68: 25 2 x 34 =68 . U; khx 17.= 68
32. 95: 5; 5x19 =95

33. 129: 3; 3 x 43 =129

V34. }ﬂl: 3; 3.x 47»: 141 7

' 35. 101: not factorable

[page 250]
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We would expect that students know the rules of divisibility
for 2, 5, and 10, but the teacher should make certain that every
student does. The following discussion 1s for the teacher's infor-
mation. We hope that the teacher will not just la ~nt th- rules

but will aid the student to discover as much 1 himself.
Any integer can be represented in the fc + aere t
is a non-negative integer and u 1s an Iinteger v Set

(o, 1, 2, 3, *++, 9}. For example,
36 = 3(10) + 6,
178 = 17(10) + 8,
156237 = 15623(10) + 7.

The advantage of this form is that we can learn what rules of
divisibility can be based on the last diglt of the numeral. For
example, 178 = 17(10) + 8. Two is a factor of 10 and therefore
also a factor of any multiple of 10, including ' 17 (10). 1In '
other words, the 17 doesn't matter since 2 1is a factor of 10.
Thus, whether or not 178 1s divisible by 2 depends only on the
1ast digit, 8. Since 2 1is a factor of 8, 2 1s a factor of
178. ‘

Stating the previous argument more generally, we can 3say that,
since 2 1s a factor of 10, 2 1s a factor of 10t. Thus 2
is a factor of 10t + u, if and only if 2 1s a factor of w, the
last digit. Notice that when u = O, we use the fact that 2 1is’
a factor of O.

In an analogous manner, since 5 and 10 are factors of
10t, each 1s a factor of 10t + u if and only if each is a
factor of u. On the other hand, 3, 4, 7, 11, and 13 are not
factors of 10t for every t. Thus rules for divisibllity by
thése numbers cannot be based on only the last digit of the numeral.

We can extend this argument to numerals wrltten in any other
number base. Take the duodecimal notation, for example. Every
number can be written in the form 12t + u where t 1s a non-
negative integer and O < u < 11. Each of the numbers 2, 3, 4
and 6 1is a factor of 12t; thus rules of divisibility for these
numbers are based on the last dlglt of the numeral. That is,
any number written as a base 12 numeral is divisible by 2, 3,

[gage 250]
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4, 6 or 12 1if the last digit is divisible by 2, 3, 4, 6 or 12,

respectivelye.
Returning to base 10 notation, let us examine the last Eﬂg;

digits of any numeral. In g-neral we could write any number
(100)h + d where h is a non-negative integer and d 1is an
‘integer such that 0 ¢ d £ 99. Any number which is a’factor of
100 will be a factor of 100h. Therefore, any number whici: LS
a factor of 100 will be a factor of (100)h + d if and -uly if
it i1s a factor of d the last two diglits. Since the prime factor-
ization of 100 1is -5 » any number made up of at most two 2's

and two 5's will be a factor of 100. Such numbers are 2, %, 5,

10, 20, 25, 50, and 100. Bt 2, 5, 10, 20, and 50 are more
easily checked by a single or double application of the last digit
rules, so this leaves 4 and 25. Thus, a number is divisible by
4 or 25 if and only if the number denoted by the last two digits
in its decimal notation is divisible by U4 or 25.

Another interesting test 1s based on the sum of the digits of
a numeral. If the diglts of a four digit decimal numeral are
a, b, ¢, d, the number is B

1000a + 100b + 10c + d = 9992 + a + 99b + b + 9¢c + ¢ + 4

(999a + 99b + 9¢) + (a + b + ¢ + d)
(111a + 11b +¢) 9+ (a + b + ¢ + d)
A decimal numeral with any number of digits may be treated
similarly.

Since 3 1s a factor of 9, 3 1s a factor of
(11la + 11b + ¢) 9. Hence, if 3 1is a factor of (a + b + ¢ + d),
it 1s a factor of the original number (Theorem 10-5b). Further-
more, 1f 3 1s not a factor of (a + b + ¢ + d), then 3 1is not
a factor of the original number, as can be proved by assuming .3
is a factor of the original number and using Theorem 10-5d to lead
to a contradiction.

We conclude, then, that divisibility by 3 can be tested by
~ determining whether 3 1is a factor of the sum of the digits of the
declmal numeral.

We notice, incidentally, that 9 has a similar test for

[page 250]
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divisibility. A number is divisitle by 9 if and only 1f the
sum of the digits of its decimal numeral i1s divisible by 9.

When finding the prime factorization of numbers in later
sections, one finds the factors 2, 3, 5, 7, eceeprimese«+, in
that order. The student should, therefore, know divisibility rules
for 2, 3, and 5, at least. The rules for 4%, 9 and 25 are also
helpful in other situations. There is no simple rule for divisi-
bility by 7.

Answers to Problem Set 10-1b; page 251:

1. The numerals 28, 128, 228, 528, 3028 all have 28 as the
last two digits. Four is a Jactor of 28 and each of the
‘other numbers. None of the numbers 6, 106, 306, 806, or
2006 is divisible by four. None of the numbers 18, 118, or
5618 1is divisible by four; but both 72 and 572 are dilvis-
ible by 4., The rule is: If-the number represented by the
last two digits of the numeral is divisible by 4, then the
number is divisible by L. '

2. The numerals 27, 207, 2007, 72, 702, and 270 are various
arrangements of the numerals 2, 0, and 7. The numbers they
represent are all divisible by 3. The sumof 2 and 7 is
divisible by 3.

On the other hand, 16, 106, 601, 61, and 1006 are not
divisible by 3. Neither is the sum of 1 and 6 divisible
by 3. The numbers 36, 306, 351, 315, and 513 are divisible
by 3, and so is the sum of 3 and 6. Notice the digits 1
and 5 replace the digit 6 to suggest that it 1s the sum of
the digits which is important. The numbers 5129 and 32122
are not divisible by 3.

The first phrase, (222 + 33 + 5) 9 1s divisible by 3,
since 3 1is a factor of 9. The second phrase, (2+3+5+8),
is the sum of the digits of the original number. If both of
of these phrases are divisible by 3, then thelr sum is

15
[page 251]
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divisible by _3- (This is later shown in Theorem 10-5b), This
i1s the cas2 for the number 2358. , '

For any whole number thé first phrase 1s always divisible
by 3, since it always contains a factor of 9. Thus the
question of the divisibility of the number rests upon the divis-
ibility of the second phrase. Hence the rule can be stated:

If the sum of the digits of the number is divisible by 3, the
number 1tself 1s divisible by 3,

3. A number divisible by <~ '+ &:  .sible by 3, since the resence
- a factor of 9 1. abeL woures factors of 3. On the
other hand, the presence of a factor of 3 1s no assurance of
a factor of 9. An example of such a number which is divisible
by 3 but not by 9 1is 12,

4, A number is divisible by six if it is divisible by 2 and 3.
A number 1s divisible by 2 and 3 1f the last digit of the
numeral 1s even and the sum of the digits of the numeral 1s
divisible by 3. Example: 156816, The sum of the digits is
27. Twenty-seven is divisible by 3. The last digit 6 i3
even. Therefore, 6 1s a factor of . 156816,

5. (a) 3 1is a factor o 101,001. The test for divisibilitv v
3 1s used,

(b) 3 1is not a factcr of 37,199. The test for divisibility
by 3 1s used.

(¢) 6 1is not a factor of 151,821. The test for divisibil.ty
by 2 1s used.

(d) 15 1s a factor of 91,215, The tests for divisibility by
3 and 5 .are used.

(e) 12 1s a factor of 187,326,648, The tests for divisidil-
ity by 3 and U4 are used.

16

(page 251]
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10-2. Prime Numbers

We have a long range obJective in the discussion of Section
10-2. Students often get the impression that x2 - 2 cannot be
factored when in fact a palr of its factors is (x —WJES(x +Wf§3.
'We wish, therefore, to emphasize the set of numbers over which
. numbers are factored. If we conslder x° -2 to be a polynomial
whose variables have integer coefficlents, then x° - 2 cannot be
factored into polynomials of this same type. But i1f we consider
the variables in the factors of vx2 - 2 to have real coefficients,
then x2 - 2 can be factored into polynomials.of this type. For

this reason we wish to spell out whav kind of factors we want, not

only in this chapter but in later chapters.

In this chapter we want the factors of positive integers to
be positive integers. If we admit the negative integers as factors,
we get the opposites of the positilve factors. This adds little to
our knowledge of factofs or fa~torsbility.

Answers to Problem Set 10-2z: Jag=s 252-253:

1. The "answer" is really given zx page 253. The filrst number
crossed out when crossing == 2ll numbers having n as a
common factor 1s n2. Tawe 5 for example. The muitiples
of 5 are 25, 3¢5, U5, 55, 6e5, e .

e multiples 2.5 and %<5 are already crossed out
becauss= each has 2 as a proger factor. The multiple 35
is already crossed out -~eaude it has 3 as a proper factor.
Thus the first multiple <io creoss out when crossing out 5's
is 5.5 or 52 .

To further explain %y theére are no numbers less “fiian
or equal to 100 to eross ovh when crossing out 1lt's, 1list
the multiples of 11 ax=-

2.11, 3-11, %11, 5.11, ¢e17, 711, 8611, 911, 1011, -1le1l.
Then go through the crossirg-out process agaln to show =hat
the first number to cross out would have to be 1ll-.ll.
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A general argument 1s given in the next paragraph in
case you have a student or two who would like to study 1it.
What we see in the sieve is that the first number which
1s crossed out because it 1s a multiple of the prime p 1is
p2. If a positive integer less than p2 is not a prime, it
must have a prime factor less than p; so 1t will have already
been crossed out. Thus for example, the first number crossed
out because of 1l would be 121; any number less than 121
which 1s not a prime must have 2, 3, 5, or 7 as a factor.
To see this, let n be a positive integer which is less than
p® and which 1s not a prime, (1.e., has proper factors). In
symbols, ‘ '
n < p°
and ab = n,
when both a and b are proper factors of n. But then
ab ¢ p2. '
If 1t were true that both
. a>p
and b>p, .
then ab > p2, which 1s a contradiction. Therefore, at
least one of the proper factors a and b of n must be less
than p. But then the smallest prime factor of n 1s also
less than p, and would have been used to cross n off in-the
course of the sileve.

Since the set of positive integers is infinite we cannot
find all the prime numbers by the Sieve of Eratosthenes. It is
possible to find all the prime numbers less than some given
positive integer, however, using this method. The next prime
after 97 is 101. '

18

[pages 252-254])
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Answers to Probiem Set 10-2b; page 25k:

1. The largest prime number Less than 100 1is 97.
The largést prime number less than 200 1s 199.
Thellargest prime numper less than 300 21s 293.

2. The largest prime proper factor of numbers less than 100 is b7,
The largest prime proper factor of numbers less than 200 1s 97.
- The largest prime proper fector of numbers less than 300 is 1k9,

3. The largest number needed to cross out non-prime numbers less
than 200 is 13. '
Thé largest number needed to cross out non-prime numbers less
than 300 1s 17.

10-3. rime Factorization .

We are studying the prime factorization of integers'in this
section. It 1s essential that the student learns to find the prime
factors of any ir :ger because we use this ldea for reduclng frac-
tions, finding th. lowest common denominator of fractions, and

simplifying radicals. The Sieve of Eratosthenes provides a:very
natural way to obtain prime factors.

Mention of .prime numbers and uninue factorizatlon 1s found in
Studies in Mathematics, Volume III, pages 4.3 - 4.5.

We would expect Problem Set 10-3a to be worked in class.

Answers to Problem Set 10-3a; page 255:

1. 8%4: 2, x> = ho, 2, %? =21; 3, %% =7; 7T 1sAprime.

84 3 X 7.
16: 2,326-=8; 2,%—=4; 2,-2—=2.
2

2 X 2 %X
16 = 2 x 2 X 2 X 2.
37 is prime.

8 =2x2x 2 2x 3.

50 = 2 X 5 x 5. 1{)

[ pages 254-255]
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96 =2x2x%x2x2x2x 3.

99 3 X 3 x'11.

78 = 2 x 3 x 13. _

47 1s prime. :
12 = 2 X 2 X 3. '

2. (a) 28 ' (e) 77 (e) k9
(v) 30 © (a) st (£) af

Page 257. Exerclses 10-3b are for the purpoSe‘of practicing =
findizg the prime decompositions of integers. If the student can
write these without using the method developed here‘so:mﬁch~the?j7
- better. There is mo particular reason why he must begih with:the
smallest prime and then use successively larger primes;vbut this
procedure 1s systematlc. The advantages: of the method should be -
 emphasized, but the teacher should not insist on its use. If stu-
dents use exponents to express their answers, so much the better;
but 1f the students do not demand exponents the teacher should
avoid'ﬁhem at this point. The long expressions obtained become
motlvation for exponents in a later sectlon. :
Assuming that practically all students will use the systematic
approach to prime factorization, be sure of the followir =:
1. The student should use rules of divisibility for at least
2, 3, and 5.

2. The student should know where he can stop.

Example: 202 | 2 14041 1s not divisible by 3
101 | 101 101 1s not divisible by 5

1 101 _ .3

=7 = 1%

After trylng to divide by 7, you are through, since 101 is
less than 121, which 1s the first multiple of 11 not already
crossed out.

[rmges 255-257]
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Answers to Exercises 10-3b; page 257:

1. The smallest prime factor of ‘115 is 5, since 115 1is not
even and 1 + 1 + 5 1s not divisible by 3.
135: not even, 1+ 3 + 5 =9; 3 1s the svallest prime.
321: not even, 3 +2 + 1 =6; 3 1s the smallest prime.
"8L: 2 1is the smallest prime, since 2 1s a factor of &.
539: not even, 5 + 3 + 9 not divisible by 3, last digit

not 5 or O;

2%2 = T77:; hence c¢ivisible by 7.

i43: 2, 3, 5, 7 fall; 11 1is a factor of 143,

98 = 2X7TX7. h32

2., 3|2 2 432 = 2x2x2x2x3%3%3.
317 216 | 2 -
TT 108 | 2
1 54 | 2
27 | 3 .
913
313
1
2581 2 5 does not work since unit digit is not 5 or O.
129! 3
43|43 We need not try 7 since 72 = g, 258 = 2x3x43.
1
625 = 5X5X5X5.
1028 = 2x2x2X2X2X2X2X2X2X2 ,
378 = 2x3x3X3XT.
729 = 3x3x3x3x3x3.

Avoid the use of exponents unless the students are
clamoring for them. We shall use the desire to shorten the
writing of factors as motivation for exponents in a later
section. '

825 = 3x5x5x1l. .
576 = 2x2x2x2x2Xx2X3X3.
1098 2x3x3x61. ‘

After dividing out the é's, 5 1s rejected by divisibil-
1ty rule and 7 1is rejected by trial. Then 61 1s prime
because 61 ¢ 121, the first number for which 11 need be ‘tried.

[page 257])
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13375 = 3X3X3X5%5%X5.
3740 = 2x2x5x11x17.
1311 = 3x19x23. (Since %437 1is in the nelghborhood of (20)2,
we should try all primes up to and including 19.)
5922 = 2X3X3XTX4T
1008 = 2x2x2X2X3X3XT.
5005 = 5XTX11x13.
444 o 2x2x3x3T. . o S
T 5159 = TX11x67; 67 must be prime since we have eliminated
all prime factors less than 11 and- 67 < 121. ”
1455 = 3x5X97; 7 falls and 97 < 121.
232l = 2x2x7x83; 7 falls and 83 ¢ 121,

]

]

The proof of this "unique factorization" theorem is far
beyond anything which the students can understand at the preseht'
“time. An ald in convincing the student, perhaps, would be to
begin with a number like 72, and factor 1t in various ways:
24 x 3, 9x8, 2x2x%x3x2x3, 6x 12, and then to
factor 2% x 3 and 9 x 8 and 6 x 12 further until only
. prime factors remained. You will get the same'three 2's and
two 3!'s no matter how you do it (not always in the same ordér,
of course, but the assoclative and commutative properties let o
you put them in any order). The fact is that 72 1s "made up" ,f;
. of three 2's and two 3's, and thls structure remains no i
matter how you begin and carry out your factoring of 72. If L
~ you are interested, a formal proof of the urique factorization e
_property of the posltive integers may be found in Courant and
Robbins, What is Mathematics, Oxford, 1941, page 23.

10-4., Adding and Subtracting Fractlons
We wish to apply the prime factorization of integers to the
problem of finding the least common multiple of the denominators.
We do not want bl-nd adherence to the method developed, however,
" but we do want to give the student a systematic way of approaching
the problem. For example, if the student were asked to :add the

[pages 258-260]
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“ fractions %-+-% the least common denominator can be quickly

determined by inspection, and the student shopld do it this way.
1 1l

If, however, he 1s asked to add 57 + 95 o it may not be easy to

determine the least common denominator by inspection. . But by
prime factorizastion

57 3’19:
95 = 5°19,
‘and the least common denominator 1s 5.3+1Q.

]

‘It is good technique, both here and in later work on factoring, . -

to leave expressions in factored form as long as possible, for
these factors indicate structure of the expression, which structure
1s otherwlse forgotten. In the example on page 259, once the frac-
tions had a common denominator, the numerators were, of course,
multiplied out and combined; but, as you saw, 1t was to our advan-
tage to leave the_denominator in factored form until the very end.
Then we know that the fraction cannot be simplified unless the
numerator has as a factor one of the factors of the dennominator.

Answers to Problem Set 10-4; pages 260-261:

2 1 2 2 3
1. (2) G+T5=g3+35=335+333-15

1 3 1 3 1 3 18 6
(e) g5 + 2T = 5of7 + 3oI7 = TI73 * TATE = TH7 = B5

Notice that after you have added numerators, you need
only check 18 for divisibility by 3, 5, and 17.

23
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()

(&)

~(h).
(1)

(3)

(k)

(£)
2. (a)-

(b)

(c)
3. (a)

20 _ __"% _ =20 '_ _ =100 - 21 _ 121 _ _la21l
57 = 319 T 5e1g T 7 3+5.19 T 3J.5¢19 © }§8§v7

Notice that 121 = 112 and 11 is not a factor of
the denominator, so the fraction cannot be reduced. - o

65 ‘ 56 . 8.
’5' 'Tf ?T" ""'5 = ?T777ﬁ§ = 3713 39 °

. The fraction '57%§T§ can be reduced only 1if ‘3,;'7,

or 13 are factors of- 56

: 27X + 10x
‘8" "‘%‘5 ""'2.§ ""2"2'7‘3. =D 721'2' 2'.'§‘§. ";'Q
1 2 3 30+ 27 - 8
'6*’2"6"11'5 ‘5"5*225 “‘TQ‘Y"T"Q----s "D?G
17'*"8 B6 = '§“§ “'217 2'277 ’

8lik + 20k - 5k e
ST "'%gb' . (gg %s xjxot divisible by 2, 5,

3a : L
2. R-B-2 -5y | |
45a + 147a -~ 125a 678 ( ‘
2—5—31-?1;—5—. . 9—%— 967 1is not divisible by
r3e3tt 3, 5, or T.)

| Bngo- 6

8 . 13 - 6h 65
» 35 <T3-2+3 *+ 50235 < Te2+2°3°5 °

74N

True;, j

» TE < ¥y; False (not necessary to factor here).

A
ol |\, Lt
No gE ¥E

o)

no

o)

=

’ 7%7<§T“ —?é‘z"<"‘3'-'§’%<"'False°

i
ol
!
o)
I
ol

, because 7 >6 (If a>b, and a> 0 and

)

o G e e 8!»;_ glw \l;lm
N

Vv A
o ol WK

s then <=

u‘h—:

24
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: )3 L
(v)
5 =358 = Y 7
j% % thus, 15 > 57 *
(c) {% -;% because 7% (xf a>b, and a> 0 and
b >0 , then —<% D)
6 5 6 (transitive prop-
(a) 7 > BT 2 BT 2 '58 thus, 27 2 '2% *  erty of order)
() §- —3-%%

wjro
FAS

3w,
[ ]

Do
|
S
w
ol
Njw
.
]
[\,
.
N
.
N
.

(4) ;L_+1_5 26 130
5 T3 =FF * Te13 T 1213 °

11 1 143 - 12 131
LI2 °13 T 71213 %

Thus, (5 -§> G—% 'I§>

There is no algebralc approach. What we want is a number
which has the largest possible proper factor. By inspection
we decide 2 x 47 = 94 will do, because the next larger prime
is 53, and 2 X 53 1s too large.

Thus, John and Bob could ask for 94 + 47 = 141 cents.

97 plus its largest prime factor 97 i1is 19% cents.
-%-600 = 200; therefore, 200 + f%- of anything 1s better.
200 + 45 (700) 2 3(700) ,
200 + 122 2 100

200 + F2 > 200 + 4, .

 Thus, $200 +-%§ of sales is better.

[pages 260-261]
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200 + 1000 o 1000 ,

200 + 2082 2 200 +-5%9 ,
1000 1600

200 +Typ~ < 200 +FpEm

Thus, % of sales 1s better.

If his sales amount to s dollars, then

200 Il-gs - %s
2400 + s = Us
2400 = 3s
800 = s

His sales must be $800.

10-5. Some Facts About Factors

Another application of prime factorization of inﬁqgerslis o
presented in this section. Find two factors of 72 with the prop-“>?
erty that their sum is 22, This might seem like a game to the - o
student, but we have a serious purpose. This 1s the kind of :
'thinking which is done in factoring the quadratic polynomial
x2 + 22% + T2. Not only will the prime factorization of integers
be useful later in factoring polynomials; it will provide the. o
patterqugqr deVeloping the properties of polynomials.. The studént1
will see that whatever properties he discovers for integers,' |
analogous properties will be discovered for polynomials in Chapter
12,

There are two theorems on whlch we base a systematic approach:
to divisibility of integers. These. theorems are:

10-5¢. For positive integers a, b, and c¢, ‘if a
is a factor of b and a 1s not a factor of
(b+c), then a 1s not a factor of c.

'10-5d. For positive integers a, b, and ¢, 1f a
18 a factor of b and a 1s a factor of (b+c),
then a 1s a factor of c. T

[pages 261-263]
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Theorem 10-5a 1s introduced to give the student the 1ldea of

- proving theorems about factors. Theorem 10-5b 1s the generaliza-
tion of Theorem 10-5a and is needed 1n the proof of Theorem 10-5c.
" The proois of Theorems 10-5b and 10-5d are left for exercises, so
their proofs are found in the Answers to Exercises 10-5, problems
7 and 8.

Let us apply Theorems 10-5c¢ and 10-5d to the problem of
finding two factors of 72 whose sum is 22. The prime factori-
zation of 72 1s 2x2x2x3x3. If we represent the factors of T2
as b and c¢, we observe that b and ¢ must have a prime fac-
torization consisting of 2's and 3's. The question is, "Should
all of the 2's go into making up b or should they be split
between b and c¢?" Theorem 10-5d answers this question. It
says, "If 2 is a factor of b and 2 1s a factor of b+c, then
2 is a factor of c." So the key is the sum, 22. Since 2 1is
a factor of 22, the 2's must be split. Theorem 10-5¢ tells us
that since 3 1s not a factor of 22, 3 1s not a factor of ¢
(or b). That is, the 3's are not split but must go to one
factor. Thus we have the following possibilities:

e b
2 X 2 2xXx 3 x 3
2x2x 3x 3 2

But 2 X 2%X 3x 3 1s already larger than 22; so that possibil-
1ty 1s eliminated. If the problem has a solution, the required
factors must be 2 x 2 and 2 X 3 X 3. These are the factors
4 and 18 and their sum is 22,

Some teachers find it helpful to use a pattern such as the
. following to help the students visualize what factors go twhere.

T2 = 2X2%x2%3X3

(- )+ ) = 22.

The factors of 72 which are before us have to be distributed in

~ the two spaces to make a true sentence. The discussion of putting
- all the 3's in one space and splitting the 2's between the two
spaces helps decide how to make the distribution.

[pages 261-263]
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Answers to Problem Set 10-5; pages 264266

1.

2.

3.

12 = 2x2x3 : .
(2x3) + (2) = 8 2ts split for an even sum; Theorem 10-5d.
The numbers are 6 and 2.

(2x2) + (3) =7
(2x2x3) + (1) =

Ié} 2's  together for an odd sum; Theorem 10-5c.

The numbers are 4 and 3, or 12 and 1,

36 =

2x2x3%3

(3x2x2) + (3) = 15

3ts split for divisibility by 3; Theorem 10-5d.
21s together for non-divisibility by 2;
Theorem 10-5c.

The numbers are 12 and 3.

(2x3x3) + (2) = 20

2's split for divisibility by 2; Theorem 10-5d.
3ts together for non-divisibility by 3;
Theorem 10-5c.

The numbers are 18 and 2.

(2x2) + (3x3) = 13

213 together for non-divisibility by 2;
Theorem 10-5cC.

3ts together for non-divisibility by 3;
Theorem 10-5c.

The numbers are U4 and 9,

150
(a)

(v)

= 2X3X5X5

With one factor 2 1t 1s impossible to obtain an even
sum.

(5%3) + (5x2) = 25
(5x3x2) + (5) = 35
The numbers are 15 and 10, or- 30 and 5.

28
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(e) (5x5x2x¢3) + (1) = 151
(5%x5%2) + (3) = 53
(5%5%x3) + (2) = 77
(5x5) + (3x2) = 31
The numbers are 150 and 1, 50 and 3, 75 and 2, Or -
25 and 6.

{3x2) + 3=9
The numbers are 6 and 3.

(3)(3) + 2 = 11
The numbers are 9 and 2.

5. (a) 288 = 2x2x2x2X2x%3x3

(3x3x2) + (2x2x2x2) = 18 + 16 = 34
(b) 972 = 2x2x3x3X3Ix3%3
(2x2) + (3x3x3x3x3) = 4 + 243 = 247

(C) 216 = 2X2%2x3X3x 3
(2x2x2%x3%3%x3) + 1 = 216 + 1 = 217

(d) 330 = 2x3x5x1l
(3x5) + (2x11) = 15 4 22 = 37

(e) 500 = 2X2X5x5X5
(2x5%5%5) + 2 = 252
Since thils is the only possible arrangement which
gives a sum which i1s even and not & multiple of 5 and
since 252 ¥ 62, the problem has no solution.

(£) 270 = 2¥3%x3x3X5
(3%x3) + (2x3x5) = 9 + 30 = 39

6. If the perimeter of a rectangle is 68 feet, then the sum of

' the length and width is 34 feet., The produdt of the length _
by the widtn 1s 225 &square feet. Thus we want two factors of
225 whose sum 1s 3k,
225 = 3xX3x5%5e
(3x3) + (5x5) = 9 + 25 = 3k, |
The length of the fleld is 25 feet; the width is 9 feete

[page 26%]
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7. If a, b, and ¢ ar=3pcsitive integers, a 1is a factor of
b and a 1is a factmr wf ¢, then a 1s a factor of b + c.

Proof: Db + c ap - aq where p and q 3#Are integers oy
: definiti»n <f a4 fxzctor

=a(p -2 by the dzst? iw=¥=ve proparty
Sinez p +q@ 1s an -—tzx 7, a 1s a Tfacws~ of b + c.

Al

&, "Por pusitive intege:r a, b, and ¢, 1f =z 1s a factor of

b and a 1s a fmzio: (b + c), then a 1s a factor of °.
Proof: a*p =b + ¢,  an integer, because a 1s a factor
] o b+ ¢,
and a.q =D , & an integer, because a 1is a facto=
‘ o b.

Hence a-p = a-q + ¢
ap + (~aq) = ¢ z idition property of equality
a(? + (-q» =c distributive property

Since the integers have closure with respecf to addition,
p + (-q)) 1s an integer.
Hence a° is a factor of c.

9. By Theorem 10-5b since y 1s a factor of both 3y and y°,
vy 1s a factor of 3y + y2. The distributive property could
also be used to display ¥y as a factor.

10. By Theorem 10-54, 1f 3 1s a factor of 6 and 3 1is a ‘
factor of 6 + Ux then 3 1is a factor of U4x. 3 1s a fac~"
tor of Ux Tfor any value of x which is a multiple of 3.

11. If x 1s the number of store Jjobs and
y 1s the number of house Jobs, then
50x + 150y 1is the number of cents earned.
Since 3 1s a factor of 150y and we want 3 to be a factor
of 50x + 150y, then 3 must be a factor of 50x by
Theorem 10-5b. This is true if x 1s a multiple of 3.

*11., 50x% + 150y = 50 (x + 3y) _
Since 2 divides 50 and since 4 must divide the expression
50 (x + 3y), we must select even values of x + 3y. If x 1is

[pages 264-265]
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.even then 3y must be & ey Thecrem 10-3d. This is el

when y is even, If = "= 2dd nen 3y must be odd, - :ace
if a sum of two intege~ |. :vearn the integers must be eiiner
both even or both odd., 2y s .= when y 1s odd. Thus if
the boys accept an even 1 “ter ¢ 3tore jobs, they must ancept
an even number of house jcus, I they accept an odd number of
store Jobs, they must acce;: & bai number of house Jobs.

This set of questions is !° en o glve more meaning to the
theorems in Problem 13 by : -.l%ng che student through scme

. particular cases of them., T gmrt (h) although 3 1is a.factor

of 135, this fact does n- fgidos” from the information given,

(a) yes G g2s
(b) no {f] re=s
(c) yes @' Tes
(&) yes (r no

(a) Since a 1s a factor »f > and b is a factor of c,
there exist integers = =md m such that
an =b and Tom = Ce ,

Multiplying the members cof the first equality by m, we
have

(an)m = om,
and noting the second ecuality, we have

(an)m = c.
By the associative prop=r= of multlplication,

a(nm) = =
Thus, since nm 1s an tme=ger by the closure property,
a 1s a factor of c.

(b) Since a 1is a factor of b and a 18 a factor of d,°’
there exist integers n and m such that
an = b and cm = d.

51
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Thus, (an)(em) and (bd) ar= names for the same product:’
(anii(em) = bd

ac(nm) = bd, by assoclative and commutative
properties,

Thus, since mm 1s an integer, ac 1is a factor of bd.

(¢) 1is a special zase of (v)

(d) If a 1is a fzctor of Db, there exists an integer n sueck

that
an = b,
Then (an)2 and b2 are names for the same product,
That 1s )
a.2n2 = b2 .
Thus, since n® 1is an integer by the closure property,
, a2 is a factor of b2.
14, (a) Theorem (c) (d) Theorem (c)
(vb) Theorem (a) (e) Theorem (c)
(¢) Theorem (c) (f) Theorem (b)

10-6. Introduction to Exponents
If your students have not already demanded a shorter way of
wrlting 2ox2x2x2x2x3x3, the exponent notation . s now introduced., = .-
In the definition of
a'l =axaxax see X a,
e 4

T
n factors

be careful to say, "a used as a factor n times", not ‘'a
multiplied by itself n times". Consider the meaning of each
of these phrases: Two used as a factor 3 times means 2.2.2 ,
which is eight. Two multiplied by itself 3 times means

2s2 = 4 , 2 multiplied by 2 once,
hep = 8, multiplied by 2 twice,
8e2 = 16, multiplied by 2 three times, or 24.

Clearly, saying "multiplied by itself" can lead to confusion.
[pages 266-267)
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Answers to Probiem Set 10~-ba; page 267:

1.

*ll'o

25 square inches.

The words "squared" and "cubed" originat=d wita tze use of
these operations —~o obizin respsctivel;: the areas ol squares
end volumes of cizes.

64 = 28, 60 = 25+3°5 80 = 2Me5; 18 = 2%.3. 123 = o,

81 = 3“; hg = 73; 17 is prime; 32 = 25; 1% = 3=5; 27 = ’33;

29 is prime; 56 = 23-7; 96 = 25-3; 243 = 352 432 = 2h.33;

512 = 29; 576 = 26-32; 625 = 5“; 768 = 28.3; 688 = 2-73.

n must be a positive integer; a can be any real.nnmber.

In different notation, we have used thls example before, in
Chapter 3, to show a non-commutative operation. It 1s not,
in general, true that ab = b®. After the students have-dis-
covered this fact, it might be fun to ask them to discover

two unequal positive integerz & and b for which the latter
equation is actuzlly true. There 1s, in fact, only one such
pair, a2 =2 ami b = 4, but the proof of this is beyond the
present course,

c
Tke operation would be assoclative if (zP) were to

equal a(bc).‘ This, again, 1s not true in general, as an
example will show.

The one property which holds for exponents is that expo-
nentiation 1s distributive over maltiplication; that is, that

(ab)c.= a%b® . We are mot going to make any pc=nt of this

"terminology, particul=rly since we have never bemn careful to

call the usual distrizutive law tkhe distributive law of multi-

-plication over addition. One troable which students have with

exponents 1s that they often z==mme a Zictitious.law which

distributes expor=ntlation over =2ditIZun; it Just 1is not true

that (a + b)¢ = 2% + % Nor 1s it true that 2°a = a®°,

[pages 267-268])
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The general result
aman = am + 1

can ‘e thought o’ as a direct coisexgquence of the defi-

nition of expon=—is. Since we dszid2 to abbreviate

Gefed os+ & (D artors)

to aP , we.m=r Imsert parentheses:arbitrarily (vy the
assoclative o m=wty of multipliczzion) to write
m facitoe: n factors

.

e -

(a.a sev T} {a.a »e» a), p f==tors .
Then p =m + n, and we abbreviat= thic to

onn m n
g 2 =ap=a+ .

Answers to Problem Set 10-6b; pages 268-269:

1. (a) m (n) x2@ + @
(b) x? (1) 3°
(c) 2x° (1) 3%.28
(@) ux" (k) 27.3%.5°
() 2'x' () otete
() 3Tat @) aer
(g) 29,10 =) 3% ="t

2, 8+ 27 =735

53 = 125 f=lise

3. (2333 = (2= <33 true

%, 5 diutdes =5, 2 divides 25, so = must divide 3° by
Theor=m 10-5c. Tzlse

5. false 293 =3

6. false 29.3 =& 34

[pages 268-269]
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8.
9e

10.

11.-

12.

13.

23 123 23(1 + 1) distributive property
= 23.2
= 24

false

true; by the distributive property, 2° + 75 = 2%(1 + 1) = 2"
3% 4 3% . 33(1 + 1) distributiv: proyerty

= 33.2
false
trus; by the distributive property, 33-+-33 + 33 =
3 +1+1) = 3t
false; 43 4+ 33 4 43 o 43(1 +14+1) = 13,3,
true; by the distributive properiy, 43-+~43 + 33 33
B+l +14+1)= 3,

Problems 7 - 12 iIlustrate a general result concernlng
-1

powers of integers, namely a-a = an. Your students may

possibly discover this for thems=lves wnen they notice that
TSI S
L, L

(o) 23(2% + 2) = 272 + 1) = 21
y

Bekd |

(b) x2(2x3 + x2) - 2%x2 + %
(C) 2X3(2x2 - l}x3) = 22)(5 _ ;}3}1{:

(d) -3au(32a3 - 3?&?3 = _3:¥; + Ethﬁ
(e) (a® + 2a3)(a»-4a2) = w4 2:3a+ (a® + 2a3)(—a2)
= ‘a:f +<..Za4 - au - 2a5
3. 4 &

a¥ + a - 2a”

1]

35
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10-7. Further Properties of Exponents

~ We want to show that the rulies for simplifying fractlions con-
taining powers can be generalized, but you need not emphaslize these
rules, The sfudent should be encourag=s to think cn The basis of
the definifion. For example:

x 3

xzyZ
The student should reason, "There is one factor x =m the numer-
ator and two in the denominator; this 1s the same as _just one

factor x 1n the denominator because:fé = 1l. There are three
factors y in the numerator and twe Zactors y in the denomina-
tor; this is the same as one factor y in the numerator, since
2

L5

y
word as a "dirty word" should it come from a student. Just regmire

the student to explain his use of the word in terms cf the thecrem,,

1. Avold the use of the word "carzel', but don'i treat the

% =1, (a"z 0).

Answers Eg Problem §g§ 10-Ta; pages 271-Z72:

1. (a) 2 (&) 2' -

() 3 (£) "g'g':%

(c) :3 8 () €3-=§

(d} (3) =27 (h) ==5
2. (a) ai ., (v) (=) 1 @ I
3. (a) I (b) 3b° 2) I @ 2
4. (a) ;%:5 (b) a%%2  (c) a%p¥e +.apdt

[pages 269-272]
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1' 4 . | |
. He. .. . L b) _
o > ») g;;z' (e) =
6. L b) 6b 36a
i”,',Fé? i§;$ ) o | (é) (X
f7. (Aj 6 (b) _éx;_s (c) ng 3.
: Xy 17x a PN
8. False. % ;4%
9; .False. 216 A2
. 10. True, - '?']6.' = % -
o 3 .3
11, True. -l%—.'l% =1

3
| (2~3)3 23.3 3

‘13. The reciprocal of zero is not a number.

.:Page 272 We neea.negative exponents later in the course- in order‘f7in_
to write numerals in standard form. By studying the left side of@il

the table, and filling in the right side of the table by formal

m-n n

u g
application -of 5; = a , We believe the students can answer
v ; 2 : | ST
" questions about ap,_ a'l, and a 2. It should be understoou

O and 272 have no meaning so far; but, if we define 20;"

~that. 2
" to name. the same number as 1, and if we defire 2°° to name . the

‘lsame number as -75 , then 29 and 272 become meaningful in S

-fterms of previously meaningful symbols.- So, if we definn T Qfé 1-“

;}def_a "===, for a#£0 and n - a positive integer, then the f,i

. a" : L
c L ) "am m-n . )4‘ .
- only rule necessary for division is S =a .« :

a
- [pages-272-275] -
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L If your students find our reasons unconvincing for defining nega-
. . .tive and zero exponents the way we did, ask them to complete the
following table.

n -3 -2 -1 0 1 2 3 4

on ' 2 y 8 16

They may get some satisfaction rfrom observing that they can '
—% of each number in tke second row to obtaln the number at
1ts left. |

" take

Answers to Problem Set 10-Tb; pages 275-277:

1. (a) 22 (n) 10°
(b) 25 (1) 1
.3 2
(e) 1 e
_ (3) =5
(e) -%5 (k) gﬁﬁ
3
(f)_],:% (£) 5
L i
(g) 10 (m) 3‘b2
2. (a) 1 (£) =3¢
. 8y
(b) 107 2
(¢) .007 () —2'6'
Y :
@ = () 1
5
1
(e) e (1) éﬁﬂ

[pages 275-276]
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(a) 93 millions of miles
(b) 9.3 ten millions of miles

(¢) 9.3 x 107 1is another name for 93,000,000

(a) 10° + 1
() 92° + 3a
(c) ad 4+ 9 ) ,
(@) a% +2 +-i§ or & +aga + 1
3

(e) 2% - iﬁ or J%—ﬁ§4L

a a
(a) € (c) -8 (e) & (8) 9
(b) -2 (a) 14 (£) -3 (h) =2

Problem 5 gives some experience which may be'helpful'to the
student when he reaches Section 11-~5 on square roots,

If n 1s a positive integer and a # 0, then a" =-l:ﬁ.
a
Proof:
~-n 1
a =5 by definition
a
'n__-n n 1 : ~ ‘
a «a = a5 multiplication property of equallty
a
N, _=-n '
a‘a =1 definition of reciprocal
Thus a~® 1s the multiplicative inverse of a" .
We have proved
(2) a™a® =a™* ™ where m, n are positive integers
al m n : '
(v) = =a - where m, n are positive integers -
a - ,

39
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To give meaning to a© ~ @ when m < n we have defined
a ! = -l—n- where n 1s a positive integer
a
. To give meaning to a= - ® when m =n we have defined
‘ ©
a =1

To prove ap-aq = ap +aq for gl Integers p and q we

consider the following c=ses:

(1) » and 'q both posifive .

(2) elther p or q posditive and the other negative

(3) p and q both nezetive B : S

(4) eithsr p or q ==ro and the other non-zero (both zero -
1s trivial) | o

Case (1) proof: Same as [z).

Case (2) proof:
Assume p >0 =3 g < 0 .
If qQq<0, ther —z=>» 0

- Consider ap . aq

aPegd _ gP.pm—c) , a = ~(-a)
P 1 -n 1 ;
= a .‘—r_)v *’)’ ) a = ——
z\7¢ al
1
= ap 9 % = aog
a~a
ap—(_cl)»' érf =M - n
gl
. \
=ap+q > a-b=a+-(—b)

Case (3) proof: , v . .
If P00 and = 0, then ~p >0 and -~q > 0.

Consider ap5°'aq

[page 277)
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P,.q _

m n m+n
= = , a'*a’ = a
o-(p + a)

Case (%) proof:
Assume p £0 and q= O

Consider ap'aq

aP.ad = ap-ap q=
= aP.1 s ao = 1
= aP ’ a*l = a
= ap + 0 a+0=a2a
=aPta Q=0
Once we have established that aP q *q por all integers
p and q Wwe can consider division as multiplication as shown
below,
p 1 1
4 a“ea s a al and a = gD
Page 277:

@ e ()@ -582-5
thus <%)3 = %; .

(a2b3)3 = (a2b3)(a2b3)(a2b3) = (a2-a2-a2)(b3-b3-b3)

- (a2+2+2)(b3+3+3);

3
thus (a2b3) = a6b9.

[page 277]
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The general result,
(ab)? = a"p"
is true because (ab)(ab)s+« (ab) may be rewritten as
(a-a‘--- a) (beb see b)

by the associative and commutative properties of multiplica-
tion. ’

Answers to Problem Set 10-Tc; Pages 277-280:

1. (a) 9a6 (b) 3a6 | (e) 27a6 (a) 3a°
2. (a) 13‘;—2- (b) -gfé (c) g-;-é
3. (a) a (b) -a (c) a° (d) -3a3

Notice the difference in meaning between (-3)2 and -3° .
The first means (-3)(-3), which is 9. The second is the
opposite of 32, which is g,

4., (a) y° (b) 1 (c) 16
1
5. (a) -2 (0) g (c) =
6. (a) %%3 ) 1 (e) -%ﬁ
7. (a) x2 (b) x38 (c) x62
8. (a) ;a (b) =xy
2
9. (a) yes -‘9i=g (4) no ;;%
(b) no -% %-% (e) yes Theorem 10~5b
2.2 2.2 r Th 10-5b
CIRTE-EF-
42

[pages 277-278]
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"+ 10. (a) Suppose 3 18 the number.

(2(3»2=36 B

2(3)2 = 18 They are not the same.
(b) If =x 18 the number

(EX)E = llxz

2

2(x)2 = 2X They are not the same.

11. (a) Area of a square of side s 1s 82

Area of a square of side 2s 18 ('23)2 = lg®
The area of the larger square 18 four times the area -
of the smaller sqguare
2
(b) s and (3s) ‘
The larger square has nine times the area of the smaller

square,
(c) - .
T ,
s | S* |s T S
2s
S
s | g% |Is J{ s °
S S S
V.
<— 2S5 —> S S S
e— 35—
h be + 8¢ + ab
12, (a) == () =—Fpe—

| 2 2
(b) —1-1—6i—2-’—‘~ (¢) 5582+ 9leb . 2Usa
175ap

x< .
(c) X = 62y - 1 aez
30a

43

[pages 278-279]
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13.

14,

Prove: If a2 is odd, then a 18 odd.

Proof: Assume a 18 even. Then a = 2q where q 18 s°m¢V'A,_
positive integer. Then a° = 49%, and a® 1s even. But‘fﬁi§ .
is contrary to the given hypothesis; therefore, a 18 not
even. Therefore a 1is odd. '

Prove: If a2 is evén, then a 1s even.

Proof: Assume a 18 odd. Then a = 2n + 1, for Some posi-
tive integer n. Then a® = hne + 4+ 1= 2(2n2 +2n) + 1.
Hence, a° is odd, contrary to the glven hypothesis. Thus,
a 1s not odd, and a 1s even. '

15. Be sure to have student change fractions to lowest terms

before substituting numerical values.
(a) * (-2)(2)2(-2)2(3)2 = -288
(3 ((-2)(2)(-2)(3)? = 576

((‘:) -uaud ~=2ad _ (-2)(2)(-3) -1
6b°a°  3p° 3(-2)2-

3(-2
-3a2_—322 R 3
@ F2Z < e 73
2%+ (2% _8-8__0 _
) e F-eee

16.

Py (2% + (3)F

(a) (x° + 1)(x3 +x° +1) = x2(x3 + x2 4+ 1) + 1 (x3 + x° 1)

5 + xu + x2 + x3 +kx2 + 1

5+xu+x3+2x2

= X

= X + 1

(b) (283 - b2)(3a2 - 2b%) = 2a3(3a2 ~ 21%) - b2(3a° - 2b?)

= 68 - 4232 - 3a2p2 4 2b”

[page 280]



307
(¢) (2x - 3y)(2x - 3y) = 2x(2x =~ 3y) -3y(2x ~ 3y)
= 4x? - 6xy - 6xy + 9¥°
= bx2 - 12xy + 9y2
(a + b)(a + b)2

(d) (& + b)°

]

2)
3

= a(a2 + 2ab + b°) + b(a2 +2ab + b

= a3 + 2a2b + ab2 + a2b + 2ab2

3

+ b
= a3 + 3a2b + 3ab2 + Db

In this and the remaining chapters we are not including a
chapter summary in the text. With the experience the student
has now had he can make his own summary and it 1s much more o
valuable for him to do so.

Answers to Review Problems

1. (a) & (a) B=-18
a

(0) 5 (e) 228
_2 3a2 - 5a + 8
o () -15 () 212a2
2. (a) 3 ) B () H- () %

3.’ 130 4is divisible hy 2

131 18 not divisivle by 2, 3, 5, 7, nor 1l 8o 131 is prime,

4, If x 1is the integer then
Ix = 10 + 2(x + 1)
The integer is 6

5. (a) The solution of the equation 18 93, but 93 is divisi-
ble by 3 80 the truth set is empty. oo

(v) (139)

»

[pages 280-281]
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(¢) If there is a prime for which

3x% < 123
" then x° ¢ M1 where x° 1s an integer
X< T where X 1s an integer

the primes less than 7 are (2, 3, 5)

The left member is 3(2)2 12 when x 1is 2,

27 when x 1is 3.

The left member is 3(3)2

The left member is 3(5)2 75 ,when x 1is S
Thus the truth set is (2, 3, 5).

(d) If there is a prime such that
|x - 10] ¢ 3
then 7T <x <13 1s an equivalent sentence,

Thus the truth set is (11}.

6. (a) 683 (e) 1 (e) 27a3
(b) o (¢) 2 () 10*
7. (a) ad 4 a2 (e) ad + 2% + ab® 4+ b3
(b) x%° + xy° (£) % + x°
3 2 b a
(e) 6x° + 3x . (8) 2+35+%
(d) mn® - m°n (n) x%3 + xy° + 2x%y? + 2y
8. (a) either - (8) even
(v) either (h) odd
(¢) even (1) odd since 2 divides 20 put does
(a8) odd not divide 30, :
(e) even (J) even since 2 divides both 210 and
(£) odd 610,
9. (a), (e), (e), (£), (), (h) and (k) are non-negative
46
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11.

12,

1.
2.
3.
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If x 1s the length of the side of the smaller square, then
x + 1 1s the length of the side of the larger square, and

(x + 1)2 - x° = 27

The length of the side of the smaller square is 13 units.

If  x 1s the number of nickels, 41 « x 1is the number of
dimes, and o

5% + 10(41 - x) = 335
Thus, Bill has 15 nickels. The information about hils saving. }
for 27 days and having more dimes than nickels is unnecessary. =

If Sam can ride d miles into the hills, then he will ride d
miles back, and '

d d
g+ = 5

The distance is 24 miles.

Chapter 10

. . Suggested Test Items
Find the prime factorization of 129, 315, 401, 3375 and 5922.

The next prime number after 103 is what number?

Why is the product of any two prime numbers which are each
greater than 2, always an odd number?

If 5 1s a factor of A and 15 is a factor of B, name a
factor of A + B. ' |

1 30 4 x = 123456 1s a true sentence, explain why 3 1is
a factor of X.

1¢ 210 4 x = 85631 is a true sentence, explain why 2 1s
not a factor of Xx. ’

Find two numbers whose product .is 108 and whose sum 1s
divisible by 3 Dbut not 2.

AT

[page 282]
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8. Find two factors of p whose sum 1s s for each of the"

following: .
(a) 96 20
(o) 36 13
(c) 72 27
(d) 80 _ 18
(e) 352 38
(f) 1800 85
9. Which of the following are true? Explain why or why not.
(e) 2%.3%° =68 (e) 2° 4+ 2° -2
(b) 23.3%2 - 6° (£) 27teo o o
3 -2
(¢) 2%+ 2%= 2t (&) (27" =1
(a) (2%.2)2 =27 (h) 23 4 22 = 5

10. Simplify (explaining restrictions: on the domains of the
variables).

16+3°%° Yy o2 1
d) = o e o I
(a) 1—5-2 e () =3 Bav T 2
3 2 2
b 2X e (x +
(b) wx (e) v)

3
(c) (gxly (£) a7l 4 Lyl

1l. The squares of two successive integers differ by 11. What
are the integers?

418




Chapter 1L
RADICALS

: Having prepared'the way by factoring integers and studying
““exponents, we proceed to a study of radicals. We shall learn how
“to add and multiply them aﬁd how to simplify them after deciding
what “simplification" means for radicals.

“The method for finding approximate square roots will be the',,
‘iteration method which consists of an initial estimate in standard
form and its subsequent lmprovement. ‘It is possible to prove,
although we do not do it in the text, that this method converges
in .the sense that each new approximation is better than the pre-
vious, nd it is also possible to show the error of each approxi-
mation. .

One of the important consequences of our work on factoring of
integers 1s that we are now able to prove that /2 1is 1rratibna1.
We have assumed from the beginning that +/2 1s a real number, in
fact that "/& 1s a real number for any positive integer n and
any ‘-non-negative real number a. Our list of baslc properties
listed in Chapter 8 lacks one property.which would be needed to
prove that /2 1is a real number. In this course, we assumé that

V2 1is a real number and then prove it is not rational.
For a proof of the existence of v/2 and the uniqueness of
n/a , See Studies in MathematicsL III, pages 5.7 to 5.12.

Students who have studied the SMSG 8th Grade Course will have
been exposed to some discussion about rational and irrationel num-
- bers and to a proof that va' is irrational. The& will also have
worked with standard or sclentific notation. |

11-.1l. Roots

There is litcle confusion over the symbols +/ 9, +/=9, and
- 9 ; but as soon as a varilable appears under a square root
sign we must'be careful. The difficulties come from the fact that

49
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the square root symbol zIways indicates ‘the pasitive square root
and that the radicand must be non-negative. Consider w//ag o IE .
.a 1s positive or negative, a2, the radicand, is positive. Thuss, .

~8® =a 1s true 1f a 1is positive.-but false if a 1s negatiwve.

The true equation is
' A/ a° la] .
9x2
(

Exambles are:

v ox?
v (-3)2
A/ (a + b)2

Suppose we have a radlcal such as 16a . In this expression a
must be non-negative; the definition of a root requires it. If
a were negative we would have what l1s defined ln a later course
to be an imaginary number. Some examples are

/ 9x3 = 4/ 9x2-x

3|x|

|-3] =3

la + b

3lx|’,/x , but since x must be positive,
3x /x .

Mx-1)3 2 jx-1) V¥-T =(x-1) VJE-I, x>1.

2

Page 283, If x = 17, then x“ = 289,
If x = .3, then x° = .09.
If x = -2wa®, then x2 = lw2a”.

2

The truth set of x b9 1s ({7, -7].

.09 1is (.3, =.3).
-4 is ¢o

Notice that the sentence "x° = n, n > 0" has truth set
" {+/n, -./mn}, where the sumbol ".,/T1 " indicates the positive square
root and "-./n" the‘negative square root. Do not allow a student
to confuse ,/m with the statement "find the numbers whose squares
are n'".

The truth set of x2

The truth set of Xx°

[pages 283-28%4]
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_,'V’Ar‘xs'wers to Problem Set 1ll-la; pages 284-285:

A 2e
3.
oy,

5.

1‘ .*7.

- (e)

(a) 2 () %

(b) =11 (£) .9

(¢) |-3] =3 (g) 3

(@) 1.5 (n) -1 | ;

(a) yes (b) no, +/ (-3)'2 is positive, -3 1is negative.
(a) yes  (b) yes

If 0 < a < b, then exactly one of these is true: @ = B,

JE&>/P,J/a </ b, by the comparison property. If
.,/ a=+ b, then a = b, contrary to hypothesis. If '
J a>J/ b, then a > b, contrary to hypothesis. Thus, the
only remaining possibility is /a3 < Vb ..

No. A/ x'2 is positive; so A/ x'2 + 2> 1 for all values of x .

A/ (2% - 1)2

= |2x - 1]
(a)'x<%, 2x <1, 2x -1<0, |2x - 1] = =(2x - 1) = 1-2x
(b) x>% 2x>1, 2x-15>0, lex - 1| =2x -1
x=%, 2x - 1 =0, j2x - 1] =0

The trouble with the "proof" can be best explained by

inserting another step.

(a -b)2 = (b-a)
V(@ - 0)2 = /(b - 2)?
la ~ bl = |b-al,
— x 1f x>0
because '\/“x'2 = Ixl. |x] = ’

-x 1f x < O.

[pages 284-285]
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. If a-b>0, then b-acO -
f a-b=-b+a '
o | a-b=a-=>
. If a-bgO, then b-a>0.
| ) o -(a - v) s‘bf; a
-2a+b=b-a .~h  ‘ﬁ““ 
b'—a=b—a
Page 285.If x = 2, then x° = 8.

If X =-.3, then xJ = =027, .

If x %aa , then <

:51:5

The truth set of x3 = 8 i8 (2}.
The truth set of x° = -.072»1s’“(-.3}.

Y16 18 (e -2} o

The truth set of X .

]

| Help the students recognize how they can find a cube root 1

" the number contains the same factor three times, they can ‘find'a.
.- fourth root if the number contains the Same factor four times,'etc.
' Be sure that the students see why, in Problem h ’

3/25 =x, but &/ x |x|

| We should not devote much time to higher roots,r31ncé we do  ffi€
not have fractional exponents to simplify our work. The work .in .
the rest of this chapter 1s more important.

Answers to Problem Set 1l-1b; page 286:

1. (a) 3 - (b) 3 (¢) 3
2. (a) 2 ¥ (v) 10 (e) 9
-3 (a) x . (v) x| (c)  Ix|
b (a) -5 (v) -2y () 2y

5. (a) =13 (b) |-13] =13 () 13°

[pages 285-286]
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6 (a) .2 ) & () .6 |
7. (a) -3 () £, 040 (e) _I-E-gl,b;éo'
8. (a) ke® (b)) x - 3y (c) 3

9. Me-VE , Yio,000 = Voo, 1% =J%
' #10, The fourth root of a number a, &/a , 1s that number which
' when used as a factor 4 +times will yleld the number: a. '

Similarly, ﬁfi”, where n is positive, is that number which
when used as a factor n times will yleld the number a.

When a 18 negative and n 1is odd, the nth root of -a will
be a real number.

Example:

ia ~27 = -3.

11-2. Radicals
The proof that /2 1s irrational which is presented in this
'section is interesting when we realize that here is a significant
mathematical fact which can be proved at this point Just on the
basis of principles which have been developed in this course.
Assume there are positive integers a and b such thet '

% = ~/2, where b #£0, and a and b have no common

factors. .
' 2 o |
Then (€) =2 . Definition: If x = Va, then x° = a.
2 2
a ’ a2 a
-t-)-g- =2 > since V eb—) = —t-)—é- H
a2 - 2b2, by multiplying both sides by b%;

n

a“ 1is even. (a2 and 2b° are names for the same number,
but the name 2b2 clearly shows a factor of
2.)

[pages 286-289]
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. a 1is even, by theorem of Problem 1&, of Problem Set
: N 10-Tc. :

a = 2¢ If a is'even, then there is‘acpositiﬁcj
integer c such that a 1s twice ¢ o -

be? = 2b°, by repimeing a by 2c 1in the equation.
: a? = 2v° above; . . L '
s2c2_= b2, by divifing both sides by 2.
b° 1is even, since Zc° has a factor of 2, b2 names

same number.
b 1is even. . . ‘ : .'“szw -

Now 2 1s a factor of both a and b, which contradicts our':
-initial assumption that a and: b ‘had no common factors. ‘Hencc;ﬁ[

'F # v2 1is true for every palr of integers a and b, b £ 0.

Theorem 1ll-2. ~/2 1s not a rational number.

o /2 18 named an irrational number. The set of rational numbers
. and the set of irrational numbers together make up‘the real

f*inumbers.

pcsitive integer which is not a perfect square, 1is 1in fact irra-
tional, 1s a bit different from what we did for /2 . The argu-

‘.. ment proceeds as follows. We give it for your information.-

Let /N be the number we are talking about. If n has any.
.. proper. factors which are perfect squares, perform thevsquare_root E
' operation on them (we shall be teaching this technique, éhdjthe- e
_i'reasons for it, in the next lesson). What is left inside thé :
. radical, then, is a product of distinect prime factors, each of
them appearing Jjust once. .For example, if you were dealing with
VI5 , you would first write 1t as 3+5 , and if we can show
that +/5 1s irrational, then V5 certainly is also.
Thus we have a new integer, say m, inside the radical, and -
m 1is the product of prime factors each of which appears only once. -~
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 Suppose that o/m were rational, say '% o If we multiply out,

we find a® = mb=. Now let us "count" prime factors. b2 1s a
perfect square, and hence, in 1its prime factorization, contains
every prime factor an even number of times, But then, In mb2,
, the prime factors of m will appear an odd number of times, since
m “has every prime factor Jjust once in its own factorization.

Thus, mba .cannot equal a perfect square which az,'howevér, is
supposed tovbe. This is a contradiction, and tnus the square root
of any positive Integer not a perfect square is irrational.

' Now, however, we are in trouble. This proof, you see, is
_easler than tne proof we have given in tne text for the 1rration-
ality of ~f-. Not only is it easier, but it works 1ﬁ ﬁény more
_cases. Why then did we go tnrough all the evens and odds argument
witn tne students to prove the irrationality of J2 2 ‘

The answer may not mean much to most of the students, obut it
means a great deal to mathematicians, and you snould know what 1t
is. You see, we have never proved the unique prime factorization
theorem. We gave examples, we made 1t seem plausible, we have no
hesitation in using it,. but we have never proved it. Thus another
proof which depends on the prime factorization is not really a
proof elther, it is just a convincing argument, if you like, that
the result is true. A proof, like a chain, is only as strong as
its weakest link. The proof in the text for the irrationality of

~2 did not use prime factorization, and thus, in a sense, it 1s
a better'proof than the argument we Just gave for the lrrationality
"of square roots of non-squares.

What do we want the students to know and to use? Prime fac-
torization is important, we have used 1t throughout this chapter,
we will continue to use it. We want the student to use 1t in
L.C.M. problems, in factoring problems, any other place he likes.
The purpose of this discussion has been to prepare you in case the
student finds this other proof-of irrationality of square roots.
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‘" Many things in this course have not really been proved, and

“the

point of the proofs in this course 1s not at all to make the

course rigorous, but only to show the student a little bit of the

" nature of deductive reasoning, and to let him see that in a very

real way certain facts about the real numbers are consequences of
certain others. Only graduate students should be forced to go
through a rigorous course on the real number system.

Answers to Problem Set 11-2; page 289:

1.

- that since the square of 1 i1s 1, "1 1is too small to be = "

In the first exercise, all we expect the student to say is

- the desired square root, while, since the square of 2 1is ‘U,

2.

3.

2 1s too large to be the desired square root. Since, however,
there are no integers between 1 and 2, /2 cannot be an
integer.

We wish to find a perfect square between %- and % « If we -
write equal fractions for %- and’ %- which have the same @ =~
denominator, the numbers are more easily compared. Thus, we

consider %- and % « Since a perfect square rational number

2 .
would be of the form —§ s We are led to consider -%% and %%.

Now 1t 1is easy to pick out the perfect square, 33 .

Assume -%vﬁi

r, where r 1s a rational number.

Then V2 =2r 1is an equlivalent sentence.

2r 1s a rational number since the rational numbers are closed
under multiplication. Since va is an irrational number by
Theorem 11-2, Y2 and or cannot name the same number, Thus
V2 = 2r 1s a contradiction and our assumption that r is'a
rational number is false.

Assume /2 + 3 =r , where r 1s a rational number.
Then V2 =1r + (-3) 1s an equivalent sentence.

[page 289]
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Since the rational numbers close under addition, r + (-3)
is rational. But +/2 is irrational, so /2 =r + (-3) 1is
a contradiction. Thus, the assumption that /2 + 3 was
rational was false.

%5, Suppose +/5 =2 , where p and ¢ are integers, gq # O,
q and p and g have no common factors.

2
Then 5= 25, by squaring both members.
a
5q2 = p2, by the multiplication property of equality.

Since q 1s an integer, q2 is an integer.

Also, 5q2 and p2 name the same number, so 5 divides p2.
Therefore 5 divides p and p = 5n, n an integer.
2 2
5q (5n)

el
£ = 5n2

]

This shows 5 divides q- and thus 5 divides gq. - The

statement that 5 divides p and 5 divides q 1s a con;
tradiction of the assumption that p and q have no common
factors.

11-3. ' Simplification of Radicals
Answers to Problem.Set 11l-3a; pages 290-291:

1. (a) Y30 (b) ~ 1k (c¢) 3
2. (a)ve6 = (v) 2/T0 (c) 6

3. (a) /2% , 'x 1s non-negative
(5) J3yz , y and 2z are non-negative
(e¢) Ix}| /3, =x 1is any real number
4y, (a) o (b) 40 (e) y2 where y 1s non-negative
5e '(~f§)2 £ a for every real numbef a. Va 1s defined only for

non-negative values of a. Thus (./3)2 = a 1s true for every
non-negative number a .

[pages 290-291]
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i

, | 3 ;
6. Ir & ¥ 1s ¥Yab we must show that (/3 ¥F)° 1s ap.
3 ~\3 ‘
Proof: (:3/—5 % ) (:2/3 ) (?/3) 3 (ab)? = ™"
= ab definition of cube root

Thus  Vab = 3/ B

]

(b) x + /X , where x is non-negative
(¢) (VE+1)%=(/a+1)/E+ (VE+1)1
=a +/a +/a + 1
=a+2/a+ 1, where a 1is non-negative.
(d) -1 |
(e) 5+ 2v6

(£) 11 +v2

Answers to Problem Set 11-3b; page 293:

1. (a) 2v5 (b) 52 (¢) 5410 (d) 445
2. (a) 2v3 (b) 36 (¢) & (@) 843
3. (a) 1W/T (b) 6413 (¢) 5413 (a)
4., (a) 5v6 (b) 10 (¢) 946

5. (a) 3647 (b) 277 (¢) 1148

6. (a) 5 (b) 12 (e) 7

7. (a) 237 (v) 52 (c) ¥35 (@) 6

(a) 21k, -24/1% (Ib) 9v2, -9v2  (¢) 2 ¥7, no nega-~

tive number

9. (a) 2+6 |x| (b) 2x+46x for all non-negative numbers x

(¢) 2x°/Bx for all non-negative numbers x

[pages 291-293]
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1l.

12,

13.

14,

~15.

16.

(a)
(c)
(a)
(p)

(a)
(o)
(c)

(a)

(b)

(e)
(a)
(a)

(b)
()

hagx/_E- (b) Eag 4a for all non-negative numbers

2la| /5

viT7x and x 1s a non-negative number
25] x|

x3q’5x and x 1is g non-negative number

[2/3x )(5v6x ) 1is defined only for non-negative
numbers x

(2v/3x )(5v/6x ) = qu/lB'x2 and x 1s non-negative

= 30xv2 and x 1s non-negatilve
(&/;é—)‘r)Q/ay2> is defined only for non-negative values
of y and a

o
<
o}
N
2N\
D
<
!

(3lxl/F)(y~/2) and a and y are
non-negative

3|lx|ly/ay and a and y are non-
negative numbers

1000+ 3x and x is'a non-negative number

4 (b) 2¥7 () 2 () YI6
3362 (v) -3 () -3¢ ¥& (s3) 2 Y7
2x2 = 32 ’ ' :

x° = 16

is equlvalent to
X=4 or x= -4,
The truth set is (4, -4},

(4T, 4T )
{u: ‘2]
[page 293]
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17. (a) 1243 -6 (b) 32 - 4/2 (c) -2 - 2+/6

1. (a) % (b) —%—«/?T | (c) —%ﬁ |

2. (a) il () 5y and ako (o) PV anay 40

3. (a) -'-’551 (b) 3%-'- and y £ 0 (c)gperv/Z and a0
b, (a) % (b) § and a>0

(c)fg and x>0. and y > 0

5.. (a) -l.?-,-fé- (v) .%.“2_,/'3‘ and m > 0 (e) % and ‘a>0
6. (a) /15 (v Y (e) 123 ana x50

7. (a) T () EVT (c) 245

8. To prove \/—% = =2~ for a>0 and b > 0 we must show

b
that Ya_ is a square root of” % . This will be true if
2
g— is % by the definition of square root.
b L =
Proof: ! <f{

>

& B

definition of square root

o
Q:Nl :><m

d‘ﬁ olp

since a positive number has exactly
one positive square roov

olp
i

60
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- Answers to Problem Set 11-lUb; page 297:

3

1

@B w3 (0 iaE (@ i3

2. (a) BvZ () F/I (o) 3VT (@) Ve

3 () 2 ® YT (VD (@ 3T

b, (2) %’«/ﬁb and b >0 (b) %m gng'oazo and‘
() F V2 (@) 3VBx ana x>0

X

3 3
a) 2 Y& (» % Y3 (o) %3@ and a £ 0

(4) %z +/10a® and "a £ 0
6 (a) BVE ) £VF ma ax0 (o) 35
7. (a) 325 (b) 3 (¢) 1
8. (a) ;éé and x> 0 (b)vﬁff?; and b >0
(c) glﬁ
9. (a) 5+ 2v6 (b) x+2/x+1 and x>0
(o) a+tie and a>0 or a2+ 28 1
. Apswers Eg Problem Set ll-lc; page 298: .
1. (a) 3v/2 . (b) 32 - 3/3 (c) 1943
2. (a) 3VE (b) V5 (c) ¥7 +7V/3
3. (a) VFE +2 - oVE (b)eew-/-l%

[pages 297-298]
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. (a) YB4vE ). s¥E (o) w2
ii;?- V(a) 5./a (b) a3 + 2a./a N (e¢) ©
6 (@) (/B -vE) (v) (25) (c) (5, ~5)

N 11-5." Square Roots

.,l‘ There is some controversy as to whether the square root

;u.algorithm or the i1teration method of approximating square roots x

"~ 18 superior. We advocate the latter for the following reasoris.

| l. The iteration method can be made meaningful. It is based- ;

on the definition of the square root: If X° = n then -
X 1s the square root of n. So the student must find a'V”'
number which when squared gives N.. . '

2. The student 1s more likely to realize that he is finding ,
an approximation to./T , than when he uses the algorithm.if.
In fact, he can be taught to estimate the size of .the
error. ‘

3. The student is estimating his'results; 80 he 1is not'
likely to make a bad error without realizing it‘f .

4, The second approximation can very often be done mentally;
always with very little arithmetic. In many cases it 1is
all that 1is needed. T

5.. An easy division with a two diglit divisor yilelds a result
in which the error is in the fourth digit. This 1is
sufficient for most purposes. ’

6. The method can be completely justified algebraically,
although the Jjustification is not given in the student
text.

T. A formula for the error of any approximation can be
derived. ,

8. The method 1s ideal for machine calculation. - A

Go. If ‘the first approximation is obtailned from the slide rule,‘

" the second approximation is- likely to be correct to 7 ‘or
8 digits. IR

[pages 299-303]
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10. The method is self-correcting. That is, if an error is
made, it will still give the correct figures providing
the error 1s not made on the last approximation.

One of the stumbling blocks that students have is the proper
placement of the decimal point. We handle this problem by intro-
ducing the standard form. We write every number in the form
a x 10°P  unhere 0<ac<l00 and p is an integer (2p 1is,

therefore, an even integer). The square root of a X 102p is

Ja x 10P . Thus, we are always finding an approximation to a

. number greater than zero and less than one hundred. Aside from

- decimal point piacement, the standard form has another advantage.
Square root tables of numbers from 1 to 100 are often avail-
able in the classroom. The standard form idea brings all ﬁumbers
within the scope of the table. You may want to teach square root
approximations from tables if you have tables avallable.

" The standard form idea can be referred to the positive num-

ber line for visualization. Numbers between 1 and 100 are

Negatlve powers of 10 Positive powers of 10
% a > g//

0 00

-Jrﬂr

Aalfeady in the desired form or you can append a 10° to them.

‘Numbers greater fhan' 100 are to the right of the desired in-

~terval and will be written with a positive power of 10, Posi-

~ tive numbers less than 1 are to the left of the desired interval
and will be written with a negative power of 10. The absolute
value of the exponent is equal to the number of places the decimal
pbint is shifted.

63
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Page 302,Examples: .
- (a) Since 16 ¢ 19 ¢ 25, it follows that U4 < +19 ¢ 5.

() 7 < vBh ¢8
(¢) 2<¢ V5¢3
(d) 9 < Y96 ¢ 10
(e) 3« J11.6 < b
(£) 8 < Y79.52 ¢ 9
() 1< V1.3 <¢2
(h) 2<¢ VT <3
(1) 5< J/30.2<¢6

Answers to Problem Set ll-5a; page 303:

1. (a) 5 (b) 8 (c) 4 (d) 7 (e) 3
2. (a) 90 (p) .9 (¢) 009  (d) '9

3. (a) 30 (b) 300 (¢) .3 (d) 9

4. (a) 50000 (b) L0002

5. (a) %x 1077 (b) 9 x 10°

Page 303. The iteration method is very easy to explain. Suppose
we consider a number a, O < a ¢ 100, and find an approximation

to J/a . We make a one diglt estimate, x, then divide a by x,
a

hhd average X and % ° The average is the second approximation- -

for /a . For example, find an approximation to V43 . 62 = 36
)
and 7~ = 49, 43 1is closer to Y49; so a one digit estimate of

~Y43 1is 7. Then -%3 is 6.14% and the average 1is ~%(7 + 6.14),

which equals 6.57. Very often the second approximatidn'can be

done mentally. For example, find V30 . If the closest integer

1s 6, then 32 is 5, and the average of 6 and 5 1is 5.50.

[pages 303-306]
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;; Tﬁus; we ask the student to concentrate on two ideas. First
" butting numbers in the form a x 10, 1< a < 100 and p an

~integer, and making nearest integer estimates of the square root

of a. . The nearest integer estimate will always be one diglt

except for values of a close to but less than 100. (For

examplé,vthe,nearest integer approximation of /97 1is ld.)

: -Second? dividing a by the integer estimate and averaging these

two numbers. Then, for better approximations we divide and average
again, each time pbtaiging roughly double the number of correct

digits- Pk

When we "divide and average" to get a second approxiﬁafion,

"_a_natural question at this point 1is, "How good are the approxima-

tions we are getting?" Certainly 5 1s a good estimate of the

.. square root of 26 because 52 is 25 and 25 1s very close to

26. If we average. 5 and %? we get 5.100; a square root, table

'?li§ts-¢26 as 5.099020. Our average is off by only 0.001. If

we divide and average again, we get %(5.1.+ﬁé%i) = 5.0990196.

Thus, 1f we seek an approximation for the Squére root of a number
whosé square root 1s close to an integer, we expect and get good
results. What, however, if we want an approximate square root of
30-? Since 52 = 25 and 62 = 36 neither 5 nor 6 1is a very

close estimate. To answer this questioh”ﬁe have prepared a table

in which we deliberately chose the worst cases of irrational roots

. (the geometric mean or close to it)_ for which the closest integer

v...1s the first estimate. The third estimate was computed by rounding =
the second estimate to two digits and q1viding and averaging.

Thus divisions were kept qulite easy.’
Examination of the table shows that the second approximation'

"is in error in the third digit and the third approximation is in

t  error in the fourth digit. In only one case, however, 1s the
i  third approximation in error by more than - 0.001. In the case of

J/2 , the error is a little less than 0.003. Remember, these
are the worst cases we could have chosen.

[pages 303-306]
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939999855

On

Second Third o
First ' Estimate Estimate - . From -
Estimate (1st. Ave.) (ond. Ave.) . Tables
1 1.50 1.41667 1418514
2 2.50 . 2.l+5ooo 2.k4ghgo
} 3.64 ' 3.60555 ~ 3.605551 -
5 14,60 4.58061  4.582576
5 5.50 5.47727  5.477226
7 6.57 6.55757  6.55T439 .
8 7.56 7.55000 7.549834
9 8.56 8.54418 8;5nnbou"”
10 9.5 9.53947  9.539392

the basis of the observations made on the worst cases, wefr;

set our procedur as follows,

To
1.

find: the approximate square root of a number:
Put the number in standard form, M x 10 ep s Where
1 <¢M <‘100 and p 1s an integer.

Since a\/‘M x 10%P = /W x 10P » find the approximate

square PoOt- .of M.

As the first estimate of ¥ M take the closest integer,
X . :

Average X, and .¥, for the seCond estimate, X

2. v
carrying out the division '% to 3 digits and averaging

to 3 digits.

Average X, and‘-%— for a third estimate, X3 - Round

‘ 2

off X5 to two digits before dividing, in 3
the division to 4 digits and average to &4 digits.' )
This estimate will exceed ¥'M by an error usually less

than .002. 66

M', and carry

[pages 303-306]
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6. Should even more accuracy be necessary, round Xq "to 3

digits. Divide and average to 6 digits. In general,
1f you are sure of ¥y digits in your divisor, you can be
sure of 2y digits in your average. If great accuracy
is desired, greater efficlency can be obtained by the
consideration of the error at each stage. This is ex-
plained in the following discussion.

The procedure we have outlined for approximating an irrational
square root seems to work. It seems to give rational numbers which
are closer and closer to the irrational square root. The student
may ask: Can you prove this? Let us reason as follows.

If x; 1s a positive approximation to /1 such that x; > J 1,

2
then xl S n,

and

n
X > = .
1 X

Then, by adding X, to both sides,

n
2X1>Xl +3'{-£

1 n
*1 >’é(x1+3c'l)'

Since the second approximation is x, = £ X, + =- , we. have
2 2 1 X1

"shown -that the second approximation is always less than the first.
Let the difference between an approximation and \f_ be
called the error e of the approximation. Then the errors in the

first two approximatlons are

el ‘= Xl - J/n

and

x2-q/nn
Thus,

1 n
'2‘("1 +3q)- v/ .

RN
N
]
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"By adding fractions on the right and commuting terms,

x12-2ﬁxl+n'
2 =T T 2x;

1

‘But the numerator on the right is a perfect square:

A2
(xl -5

e = j_ .

‘2 X .

< Now we observe these facts:

(1) The error e, 1in the second approximatidn 1s positive,
because the square of any non-zero number is positive. Hence,
is greater than /n . Then ./n < X, < %, and we have Shown that '~3f}

X, . 1s 1s closer to_ J/n than 1is xl.~

) x2.

(2) The same procedure would glve us the error of any approx__':f

~imation X 1in terms of the preceding approximatlon Z,
2
_(z-vm)
error of X = "
and this error is always positive. Then x 1is closer to /A
than is z and x >./n . We may replace /n by x and get the
approximate formula for the error:

& 2
error of X ~ 2 - X s

where 2z 1s the preceding approximation.
' To approximate +/29 we find that X, =5, x5 = 5.4, ‘and

%y = 5.385; hence the error in Xq is

2
X, - X
G
3 2x2 4
~ .u’ - .38 2
e3 ~ 2(5.

2 .
e3 ~ 10. ~ 00000020

[pages 303-306]
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shows that we could have computed x3

compute X

331

is larger than+/29 by about 0.00002. It

to six dlgits, we have

to more digits.

If we

X3 =3 (5°” +'é¥%) = 3(5.4 + 5.37037) = 5.38518.

This is too large by about 0.00002; by subtracting the error we

have

J29 %

5.38516,

If the error in each approximation is taken into account, one

can obtaln a large number of correct digits very ouickly.

evaluate 431200 as an example,

we compute +/3.12.

Let us™

Since 431200 =

J/3.12 x 10° ,

Corrected 3.12 x __;(3 .12 ) Approx.
Approx. to z z 2 Error of x
\ 2
2 1.56 1.78 15%§%< = .01
2
0.004
1.78 = .01 = 1.77 '1.762711 1.766355 1—373—1-= . 000004
/31200 ~ 17.66355 - 000004 = 17.66351.
You might wonder how far to carry out the division 1'%3 The
error of X 1s given by
2
~ \Z2 - X
€3 ~ zZ

£ ~X = Z --%(% + z)

=-E-.EE .

Z-X=%Z"—rzl)-
[pages 303-306)
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3.12
1.77

1s carried out far enough so its digits begin to differ from the
digits of 2z, we can find 2z - x. In thils case

In this example z = 1.77 and = = = 1.762 e , When —2—

z-x=3 (z -*%);%( 1.77 - 1.762) = .00k,
Now we can find e approximately;

: 2
~ .Ooll- —
ey ~-£—(t-8-}- = 00000k,

Thus we know that 1f we continue the division, %,’ to six decimal
.places and average, the error will occur in the sixth decimal
pPlace.

Answers to Problem Set 11-5b; pages 306-308:
1. (a) ¥ 796 =v/7.96 x 101 p=3 ¢q ='l-§i6

) : 1 .96
B 36+ 1)
Iligia
V796 X 28.2

() ¥v73 p=9 q=1

2¢e

2.82

Bt g _
= =

1
2
2-12‘-9- N 8.56
V73 %8
(e) 2.97
(a) 55
(e) 0.0763
(£) 3170

70
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2. (a) v 0.00470 =17 x 10~° P q = -1-‘151 P_:é“._g

. 7 6.71 6.86

~0.00470 X 0.06856 6.9 6.812 - 6.856

(b) +/0.273 = /27.3 x 107% p | q= 37133 Pt d

| 5 | s5.46 5.23

V0,273 & .5225 5.2 5.250 5.225

(¢c) T72.66 _

(d). 1.772 Note: The thousandths digit could be either 2

or 3. Since the average 1s, after the
first approximation, always high; it 1s
better to "round down".

(e) 265.1
(£f) 708.5
3. (a) ~/0.0072 = v/7§'x«/§;:i

X 8,485 x 1072
~ .08485

(b} /720000 ~ 848.5

(¢) V.72 ~ .8485

(d) v0.08 ~ .2828

(e) VY800 X 28,28

(£) ~/8,000,000 ~ 2828

You may wish to do more than thls with square root tables.
"We did not, however, include a square root table in the text
because some teachers prefer not to use one at thls point.

b, (a) x° = 0.0124
x =v/0.0128 or x = -+0.012%
The truth set is [~/o.0121t, -+/0.0124),
vo.012%F % 0.112

[page 307)
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(o)

Thus approximations for the elements of the truth set are

0.112 and -0.1il2.
22,9 and -22.9

5. 361 feet

6. 12 feet,

7. 8.h5 em

The nearest foot.

Answers to Review Exercises; pages 308~311:

1. (a)
(b)
(c)
2. (a)
(b)
(c)
(a)
(e)
3. (a)

(o)
(c)

(a)
(e)

(£)
()

23 (a) 2v3 () -v2
% (e} 3|x|V/2 (h) a3p3c2
2v/2a and a >0 (f) 12 (1) 2 + 243
V3 (f) 2 - 243
10 (8) 3 ¥72 |
2la + bl (h) -bx+/2xy and x and y are

a b . both non-negative
32" and a and b 1 '

are integers (1) -§-~/6-+ 1

1
-2
2:|a| V3
VB + 2

2

1
-%'i"-!;-‘/i+ 7TImlqv2q and q> 0
1
1%
3/..2

4 and x £ 0

10x
3p°V/Z and P>0

[page 308]
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' 3 3 2
(n) E%'\/2a2~2a'\/2a2=,3/2a :—L*-'-'—E—) where a £ 0

2a

(1) 24/a% + b :

4, (a) (4). Notice that /X = 2 1s not a sentence if x < O.
Squaring both members of /X = 2 glves the equivalent
sentence x = 4 but squaring both members of an equation
does not always glve an equivalent sentence. This fact
will be studied in Chapter 13.

(b) (6]

(e) (vV2, -V/2l.

(d) all m such that -4 ¢m b
(e) (8]

(f) 2|xl-+\/ =3

is equivalent to

2lx| + Ix] =3
3lx] =3
IX‘ =1

is equivalent to
(k=1 and x>0) or (-x=1 and x < 0)
Thus, the truth set is (1, -1}
5. (a) '%.+ é% = % for x =5
(b) x +/2 >/ 2 for x>0

{e) If+/a% + 1

=a+b,
then a° + b° = (a + b)2
a® + b2 = a° 4+ 2ab + b2
0 = 2ab

But a >0 and b > 0 so 2ab » 0.
Thus 2ab = 0 and 2ab > 0 1s a contradiction.

, ' [page 309)
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1r+/22 + 525> a+ b

then a° + b° > (a + b)2

a2 + b2 S a° 4 2ab + b2

0 > 2ab » N
But 2ab ¢ 0 and 2ab > 0 1is a contradiction.

Thus -\/a2 + b2 <a+b -

Notice that the student was not asked to prove the
felation, but we include the proof in case he insists on

a proof.
(@) Y32 -V3

(e) (/™ +y/B)( /W -/A) = (m=-n) for m>0 and n > 0

(£) Ix| +5 Y125 > (-x%). Notice that the left member is
positive and the right member is negative.

2 .2 1
g) . 7
NEE <
6. /390 ~ 19.7
7. +/3900 X 62.45

8. (a) 3° (c) 32.23 (e) 3°
(b) 6° (@) 3* (£) 32 4 2°
9. (a) 10°=1 (¢) 10" *+?2 (e) 1075 -
(b) 10t (4) 10* (£) 100
0. (a) 2 (¢) m3 (e) x +1
| (b) jbg 2q” EZTTTE
(@) £ (£) 2%

11l. (a) all x such that x ¢ -6

L
(b) {_]
3 74

[pages 309-310)
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(¢) all y such that ¥ < %;

(d) {‘1:'36 ’ "'136 }
(e) (2]
(£) (3)

12. n2 -n+ 4% falls to give a prime for n = 41, since then the

sum of the last two terms 1s zero. This leaves n2, which has
n as a fadtor.

If an algebraic sentence is true for the first 400 values of
the variable, it is not certain that it is true for the holst.

13. The average of n numbers a, b, ¢, ... 18

a+b+¢+ 0. t0O n numbers
n L]
If g 1s the "guessed average", then the average of the
differences 1s
(2 -g) + (b-g)+(c-g)+ e to n numbers
5]

at+b+c+ *++ to n numbers - Ng Commutative property of ~

= n addition and the distri-
. butive property
_ atb+c+ e+ to n_numbers _ Distributlve property and
- n g the multiplication prop-
erty of 1

.When we add this average of the differences to our "guessed
average" g, we have
a+b+c 4+ ee0 to n numbers

g+

n y Y %\"’
. (Ju M
a+b+c + e to, N fnumb erst .
- n ."'\ B "rz\{’" e

and this 1s the average.

[page 310]
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1g5 - 200 = =5 Sum of the differences 1s -=10.
205 - 200 = 5 Average of the d;fferences =.5§%u
212 -~ 200 = 12
201 - 200 = 1 Adding this to 200 giyes 199%&
: 198 - 200 = =2 for the team averagei<4
232 - 200 = 32

189 - 200 = -11 .
178 - 200 = =22

196 - 200 = -4
20k - 200 = 4
182 - 200 = -18

14, If the rat weighs x grams at the beginning of the experiment .
1t will welgh $x grams after the rich dlet and $(px) at the

end of the experiment. Thus, the differcence is Tgx - X ='I6x
grams. : ' '

15. If x 1s the number of quarts of white paint, then 3x  1is the
number of quarts of grey palnt and '

X+ 3x =74
hx = l'-'7
X = T Ix = 21

Thus the man bought 1 gallon and 3 quarts of white and 5A
gallons and 1 quart of grey. The information on the cost of
the palnc was unnecessary.

16. Proof: Elther /a < +/b, +a= /b, or J/a>./F.
Assume ~/§'< Vo

then ac< b If x ¢y then x2 <_y2
a< b and a > b 1s a contradiction
Assume +a =+ b
then a = b
=b and a > b 1s a contradiction
Thus ~/_>~/
(pag~ 311]
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Chapter 11

Suggested Test Items

Describe the set of numbers for which the following name
real numbers.

(2) va | (%
(b) 4/ x° | (e). /<
(e) v (f):,/l + m
Simplify . )
(a) V2T (a) vab -3V5h
3 V18
-(b?_ V8 (e) 7
(c)«/i:;T (r) V2 /18

Simplify assuming that all varilables represent positive numbers,

(Ve RV EVIWES

(b)'\/-}-g-'\/ a3b (e) &/ l}ag +‘\/—9-£
l .
() “/_f' (£) VB(/E - /TB)x
VI |

X
(a) If +/a 1s a rational number, what kind of number is a?

(b)) If a and b are different positive primes, what kind
of number is +ab ? - '

If v85 % 9,219 and 8.5 ~ 2,939, find approximations for

(a) v 0.0085 (e) «/ésooo
(b) VB850 (a) -85

e | 7 7




Explain, using an example, that,\/% = {__5 i1s not a sentence

for a<0 and b 0.
Explain why «/;3 is meaningful only if x > O.

Is ~1764 rational or irrational? Explain.
Simplify each of the following:

(a) V15 V& (c) J_%_fé
1
() 2= (a) /20 + V15
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Chapter 12
POLYNOMIAI AND RATIONAL EXPRESSIONS
‘[ In this chapter, factoring of expressions is introduced oy B

{{using the analogy with factoring of positive integers as motivation.
“ The way was prepared for this in' Chapter 10. An important point

- 1s that factoring of rational numbers becomes significant oniy’when s

the problem is restricted to the integers. In factoring eXpress-
~'ions, the class of rational expressions corresponds to the system
"of rational numbers, and the class of polynomials corresponds to
“the system of integers. The intended impllcation here 1s that the
rational expressions do constitute an algebraic system with the
.polynomials as a sub- system.

Although the following discussion 1s not for student consump-
tion, it is important for the teacher to understand the algebra of
~ expressions. ' '
Consider, for example, the distributive property.

a(b 4+ ¢) = ab + ac

. We have always understood a, b, c to be real numbers, so that we
are dealing with an assertion about real numbers. TheJassertion

" involves two phrases "a(b + c)" and "ab + ac" and enables us
to replace either phrase by the other, in any statement about real
numbers, without altering the vallidity of the statement. However,
suppose we forget, for the moment, that we are talking about real
numbers (as was commonlily done at one time in clomentary algebra).
 Then the distributive preperty (or "law") Dbecomes a "rule" for
_Mtransforming algebraic expressicns, that 1s, a rule in the "game"
of 'symbol pushing". From this point of view, the various fund-
amental properties, with which we have been working, constitute
the complete set of rules of the game. Attention is thus shifted
from the system of real numbers to the language used to talk about
the real numbers. Although blind symbol pushing is highly un-

79



342

desirable, 1t is a fact that we do work with expressions from this
point of view. This 1s what we are doing whenever we discuss the
form of an expression. The difference 1s that symbol pushing at
this level i1s not mechanical but is with reference to an algebraic
system, We shall now describe more carefully this system.

In the first place, we "add" and "multiply" expressions
by use of what we have called "indicated" sums and products. Thus,
1f A and B are expressions then A + B and A.B, are also ex-
pressions. We also write A = B ‘provided for each permitted value
of each variable involved in A and B, the numerals "A" ‘and "B"
name the same number. This is actually a definition of equality
for expressions. In some books, this kind of equality is called
identity. With these agreements, the following basic properties
could be found for expressions and have, in fact, been used many
times 1n the course: ' '

1. If A, B are'expressions, then A + B 1is an éxpression

2. If A, B are expressions, then A + B = B + A, :

3. If A, B, C are expressions, then (A ++ B) + C = A + (B+C),

4, There 1s an expression O such that A + 0 = A for every
A.

5. For each expression A, there is an expression -A such
that A + (-A) = 0.

6. If A,B are expressions, A+B 1s an expression,

' If A, B are expressions, AB = BA. '

8. If A, B, C are expressions, then (AB)C = A(BC).

9. There 1s an expression 1 such that A-l = A for every

A.

10. For each expression A different from O, there is an
expression % such that A-% = 1,

11. If A, B, C are expression, then A(B +C) = AB + AC.
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Thus we see that the class of expressions satisfles the
- axioms for a field. The smaller class, conslsting of Just the
_ rational expressions, also satlisfles these propertles. The class
" of all polynomials (or all polynomlals in one varilable over the

" _integers) is a sub-system of the class of rational expfessions énd,,iw

- has all of these properties except Number 10. Notice also that
the rational numbers satisfy all of these propertles, and the
integers satisfy all except Number 10-- hence, the parallel be-
tween rational expressibns and polynomial, on the one hand, with
rational numbers and integers on the other.

Once these general properties are established, we can study
. rational expressions and polynomlals as algebralc systems in thelr
own right independently of their connectlon with real numbers.
This is symbol pushing par excellence. Our work with factoring,
simplification of rational expressions and division of polynomials
forms a small fragment of the study of these general systems, '
although we have not presented it explicitly as such. This way of
looking at the language of algebra, which is implicit in much of
what has gone before and actually comes out into the open in the
present chapter, will turn up frequently 15 later courses in
algebra. A good student automatically shifits to this point of
view about algebra as he matures. However, if this occurs before
he understands, at least intultively, that an algebraic system 1s
involved, only confusion will result. This is why it is important
to go back to ths real numbers whenever students show signs of '
mechanical manipulation of symbols. Fon further discussion see
Studies in Mathematics, Volume III, pages 6.1-6.8.

12-1 Polynomlals and Factoring.

Most of the work in the chapter is with polynomlals over the
integers. The definition of polynomial over the integers and a
statement of the problem of factoring are given ir thisg section.
The problems in this section are primarily concerned with bringing
out these ldeas rather than with developing the techniques of
factoring. The latter are dealt with in the next filve sections.

[page 313]
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Page 314. If we were being very careful in our language, we should
replace the word "integers" by "numerals for integers" in the .
definiticn of polynomial over the integers. Since there can be’ no4jg
“doubt about what is intended here, we choose to keep the definition /
' as simple as possible, : e

The usual definition of polynomial (in one variable x) is that £y
it 1s an expression of the form

n n-1
a X +a, |X +ees taix +oa,.

With this definition, the expression (x2 - 1)(3x - 5) is not a
polynomial but 1s an indicated product of polynomials. On the
other hand, we usually want to call this a polynomial becaﬁse we
have in mind the fact that it can be written as a, polynomial:

(x2 - 1)(3% = 5) = 3%° - 5X° = 3x + 5, °

This sentence can be thought of as a defintion of multiplication
. for polynomials, as defined above, since it specifies what pdly-bw
nomial is indicated by the given product. Addition of polynomials
can be looked at in a similar way. . ‘
‘ In our development it was more natural to regard a much widex.
class of expressions as polynomials. Then the definitons of addi.
tion and multiplication are obvious, and an equation much as the
above may be thought of as a definition of equality.

These two points of view, although conceptually different,
amount in practice to exactly the same thing. The only real diff-
erence 1s in the way we think about rather than the way we work with
expressions. Thus we can always simplify one of our polynomlals
~ (in one variable) to the special form indicated above and think of

_the gilven polynomlal as represented by its simplified form. In
addition to lending itself better to the informal treatment of I
polynomlals which we wanted to give, the definition we use also
makes 1t easler to discuss polynomlals in several variables.’
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Ansvers to Problem Set 12-la; pages 315-316 :

1 (a), (c¢), {d), (e) are polynomials over the integers
(b), (f) are polynomiuls over
the rational numbers. See section 12-6

(g) 18 a polynomial over the reals.
(h) is not a polynomial at all. However, notlce that
Ix1 4+ 1 can be described using polynomials:

s

x+1, 1f x> 0
Ixt + 1 = ‘
! -Xx + 1, 1If x < O

A better example here is the expression, (le)g,
which is not a polynomial but can be written as a
2 2

)

polynomial: (Ix!)° = x“. This 1is analogous to

Eiﬁfai—ll which is nct a polynomial but can be
X+ 1
vwrltten as a polynomial, namgly, X,
2. (a), (¢), (d) are polynomials over the integers.
(b) 1is a polynomial over the rationals.
(e), (£), (g) and (h) are not polynomials of any-kind
under our definition. However, since

E—E—K méans the same as  (x + y)%, 1t would not be
objectionable to admit (f) as a polynomial over
the rationals. The point here is that '

X+ ¥ - (x +y)*3, by definition, rather than by

use of any properties of real numbers. On the other
hand, we would not wish to regard (h) as a poly-
nomial in spite of the fact that it can be written
as a polynomial: ‘

= 3(u + v).
83
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3. (a) 2x° - ix (e) w2 -2
(b) xzy - 2xy2 (£) x° 4+ Ux + 4
(¢) 24t -6 (g) 18t% - 15t - 88
() -$2y’z  (n) y¥+y-e

All are polynomials over the integers except (d)
and (e) which are over the rational numbers.

4, (a) © Lo (d) 3 +u - uv
(b) a2 - 2 (e) 2 + 2s - 6st
(¢) 3su + 3sv (£) 2x° - 3xy - 2y% + 57 - 2

All are polynomials over the integers although the
two factors in (b) are not over the integers.

5. Yes! We hope that this will be obvious to everyone.
The politt in mentloning it is to suggest that we are
dealing with a system.

6. No! However, it may be possible to write such a quotlent
as a polynomial, See, for example, part (h) of Problem 2.
The idea here 1is t« suggest the fact that polynomials as
a system are not closed under division although some
. rational expressions can be written as polynomials,

Answers to Problem Set 12-1b; pages 318-319:

1. (a), (b); (e), (£).

(c) 1s a case of factoring 32 - 3 as a polynomial over

the real numbers.
(d) is a case of factoring 3t - 5 as a polynomial over

the rational numbers.

2, (C): (d): (f)
' In (a), (b) and (e), polynomials over the integers are
factored but the factors are not even polynomials,

[pages 315-316, 318)
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3. (a)
(b) a polynomial over the rational numbers is factored
into polynomials over the rational numbers.
(¢c) and (d) are not factored at all,
(e) The second factor is not a polynomial.

b, o2(e) (It + )01t - 1) = (J6]®2 - 1) =2 -1

5. (a), (e) |

6. (a) a(a +2b) (d) 3xz (x - y)
() 3(t - 2) (e) a(x - y)
(e¢) a(b +c) (£) 6(p - 2q +5).

7. (a) z2(z + 1)
(b) 15 (a® - 2b) o

e

(c) x2(1 - x2) 1s the result expected.\ Some may obtain

x2(l + x)(1 - x), which is technically correct
since the distributive property 1s certainly in-

volved.
d) a(a® - 2a + 3)
e) 6(x2 - 24y - 25) is expected.
£) y(sx + (x - 3)) ory(ix - 3),

v
2 &z + 1) - 3zw) (e) '6res(x -¥)

2

a2b3(a +Db - 1) (f) (u° + vg)(x -y)

)
)

¢) No factoring possible
)

d) ab(x - y) (g) (x - y)(4x - y)
_ (n) 223222p22
9. (a) 1,1, 2 (f) The degree of the product is

equal to the sum of the

(b) 2, 1,3 degrees of the factors.
(C) 3: 2, 5

(a) » 55 5

(e) 2, &4

(pages 318-319]
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12-2, Factoring by the Distributive Property.

Ail non-trivial factoring of polyndmials involves the dis-

numbers However, the problems in thisvsection 1involve the distri-
butive property in an gopecially straightforward and explicit way.

This factoring is often referred to as "removing common (monomial,
etc.) factors."

Example 4. There is an opportunity in this example to emphasize
one of the most important uses of factoring, namely, to solve
polynomial equations. Since students like to solve equations,
this should help stimulate theilr Iinterest in factoring.

Answers to Problem Set 12-2a; pages 321-322:

1. 3xz(2x - y) over the integers
- 2. 3s3t(3 - u) over the integers
3. 36(Hx? - 65 + 5y) over the integers

b, %}(2u2 - 3uv + 5v)

5. -xyg(x2 - 2x - 1) over the integers

6. 3%alo-(6 + 10a - 21b)

7. 8431 +s J/2)

8. - i@(}a - Ub)

9. no common factor

10.. (a + 3)(x - 1) over the integers
11, (x + 3)(x +1) over the integers
12. (u + v)(x - ¥y) over the integers
13J1 (a - b)(a + b) over the 1ﬁtegers
W, (x % yu over the integers

(pages 320-322]
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15. O over the integers
16, (x +y)(3x - 5y + 1) over the integers

17. 3a 2/ 2 (2 + 5b)
18.  Ix1(3 + 2a)

19. Tylxi(1 - 3y)

20. (u + v)(r - 8) over the integers
21, (a +b +e)(x - y)- over the integers
22, (a + b +¢)x over the integers

Page 323. It is neceSsary to emphasize that factoring involves
writing the glven polyncmial as a product of polynomials. Sums of
products do not count.

Answers to Problem Set 12-2b; pages 324-325:
(a + 3)(x + 2)

1. a(x +2) + 3(x + 2)

1

2. x(u+v) +y(u+v) =(x+y)(u+v)
3. a(2b +a) + 1(2b + a) = (a + 1){(2b + a)
b, 3s(r - 1) +5(r-1) = (3s + 5){r - 1)
5. x(5+3y) - 1(5+3y) = (x-1}(5 + 3y)
6. O |
7. .ala -b) +c(a ~b) =(a+c)(a-D)
8. t(t -U4) +3(t-1)=(t+3)(t-2)
9. not factorable
10. (2a - 3b) (a - b/3)
11, 3x(5a + 4b -~ 3c + 2d)
12, 2(a - b) + u(a N b) +v(a -b) = (2 +u + v)(a - b)
13, x(u+v-u; +ylu+v- w) = (x+37)(u+v-w
1y, q(gi:‘;x) + 2b{a - 4x) + 3c(a - 4x) = (a + 2b + 3c)(a-Ux)

[pages 322-325])
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-
-

15, %(3xy - bay + bx - 2ab) = %(?y(x - 2a) + b(x - 2a)) =

5(3y +b)(x - 2a)

16. x° + 3 +x +3 = x(x +3) + Lx +3) = (x + 1)(x + 3)

17. a2 - ab + ab - b2 = ala - b) + b(a - b) = (a + b)(a - b)

12-3., Difference of Squares.

Answers to Problem Set i2-3; pages 327-329:

1. (a) a2 - 1 e) a4 _ ot
() W -y £) x° - a2
(c) m°n® - 1 g) 2x? + 3Xy - 2y2 |
(d) ox%y? - hz® h) 2 4+ 1r°s° - s - s0
2, (a) (2x - 1)(2x + 1) (d) (1 - n)(1 + n)

(1
~

(¢) (a - 2)(a +2) h(ex - y)(ex + y)
3. (a) (5a -ibc)(Sa + be)(d) Mx(2x - 1)(2x + 1)

f

o

(b) 5(2s - 1)(2s + 1) (e) U4(ex - 1)(2x + 1)

(
(
(
(
(
(b) 9(3 - v)(3 +vy) ( (5x - 3)(5x + 3)
(
(
(
(£) (722 = 1)(7x® + 1)
(

(
(¢) 6(2y - z)(2y + z)
(

L, a) (x - 2)(zx + 2) d) not factorable over the
integers
(b) not factorable () 3(x - 1)(x + 1)

over the integers

(e) (x2 +2)(x% - 2) (£) (4x% + 1)(2x - 1)(2x + i)

88

[pages 325, 327]
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(a-2)a ° (d) ©

2a - 3 not () (x -y)(x+y=1)
factorable over
the integers

4 mn (£) (x - y)(1 -x~-y)
X2—9= '
(x - 3)(x +3) =

is equivalent to
XxX-3=0 or Xx+3=

The truth set is {-3,3]

1 1 1 1

["‘: - '3‘) (e) [O: 'é': - ‘é‘)

L 1

[B‘: - ‘5") (f) ¢

[2, - 2) (g) [2)- - 2]

(n) (1, -5}

396 (e) 9999

1591 {(f) 2000 mn

884 (g) 1584m° - 1584n°

391xy (n) 1584

899 = 302 - 1= (30 - 1)(30 + 1), thus 899 is
factorable.

1591 = 40° - 32 = (40 - 3)(%0 + 3), thus 1591 is

‘factorable.

391 = 202 - 3% = (20 - 3){20 + 3), thus 391 is
factorable.

4ol = 202 + 1, can not tell by difference of squares
factoring. By prime factorization methods we see '

that 401 is not divisible by 2,3,5,7,11,13,17, or 19
Thus 401 is prime.

[page 328} -
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*9, The reciprocal'of 2 - /3 1s 2+ /3 and vice versa.
Here 1s an example of a palr of numbers which are recip-
rocals but one 1s not the other “turned upside down".

(a) (5 - +/2)

() 1T22¥5

(¢) - %, notice + 4 1is rational
(d) 3v2 + J/15
#10.  (b) (t + 1)(t% - ¢t + 1)
(¢) (s +2)(s - 25 + &)
(@) (3x + 1)(9x° - 3x + 1)

#11. (b) (t - 1)(t% + t + 1)
(¢) (s - 2)(s2 + 25 + 4)
(4) (2x - l)(ilx2 4+ 2x 4+ 1)

12-4, Perfect Squares.

Page 330. Example 1. A quadratic polynomlal x2 + px + q

where p and q are integers is a perfect square if and
onlyif T 77 S

(1) q is the square of an integer m.

(2) either p=2m or p=- 2 m,

Answers to Problem Set 12-%a; pages 331-332:

1. - (a) 9 : » (1) 5
(b) 16 (3) 2 &3, zero should also be
accepted.
(c) 36 (k) 2 v 35, 3 could be accepted

90

(a) t° (J) ut2

[pages 328-329, 331]
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(e) x° (m) 16v°
(£) 10u (n) s6xy
(g) 12s (o)
(h) 9 (p) 6(x - 1)
2. (a), (e), (a), (e), (g), and (h) are perfect squares
3. (a) (a-2)? () 5(4 - x)
(b) (2x - l)2 (f) not factorable over the
integers.
(¢) (x - 2)(x + 2) (m) not factorable over the
integers,
(d) not factorable (n) not factoraﬁle over the
over the integers. integers. -
(e) (2t +3)° (o) 2a(a - 5b)°
(£) 7(x + 1) (p) (s +5)°
(g) not factorable (a) (t - s -2)(t + s)
over the integers
(n) (22 - 5) (r) (x - 1)%x+1)?
(i) not factorabile (s) ( = 2, 8)2
over the integers
(3) (32 = 4)(za - 2)
4, (a) x° + 6x + 9 (e) x° - 2Xy + y2
(b) %2 - bx + & (£) x° -2x + 1 - as
(c) x> +2 /2 x + 2 (g) x° _ ox + 1 - a°
(a) a° + 2ab + b° (h) 5 +2 JE

(1) 1002 + 2°100-1 + 1 = 10,201

Page 333. Example 4. The method of coﬁpleting the square is
touched.on again in Section 12-6 for polynomials over
the real numbers. It is also used in Chapters 16 and 17
in connection with graphing quadratic polynomials and
functions. .
[pages 331-332, 333]
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Example 5. Notice that we have proved that the truth set
of this equation 1s empty. In other words, we do not
conclude that 1t is empty Just because we are unable to
find solutions by our methods of Tactoring.

This example points out the connection between "factor-
ing a polyncmial over a set" and "solving the ‘corres-
ponding polynomial equation". If a polynomial equat;on
has solutions which are integers, then the polynomial
over the Integers can be factored, and conversely. If -~
the polynomial equation has solﬁtions which are real
numbers, then the polynomlal over the real numbers can be
factored, and conversely. Thus, 1f a polynomial equation
has an empty truth set, the polynomiaT cannot be factored.
The conclusion in Example 5 1s that x° - 8x + 18 cannot

?be factored over the real numbers.

.

Answers 'to Problem Set 12-4b; page 334:

1.

(a) x° +.4x + 4 - 1=(x + 2)? -1
(x +2 - 1)(x +2 +1)

(x+ 1)(x + 3)

(6) (x - ¥)(x - 2)
(¢) (x - 4)(x + 2)
(d) (x-6)(x - 14)
(e) (x - 12)(x + 2)
(£) (x-1)2 - b(x-1) +4-9= ((x-l)-2)2
| = (x-3)2
=(x-3 - 3)(x -3 +3)
i = (x - 6)x

92
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2, (a) p=1 (d) none
(b) p=8or -8 (e) p=14
"""" C (e) all
3. (a) y° - 10y + 25 = O
(v -5°%=0 -

is equivalent to

y-5=0 or y~-5=0

The truth set is {5}
(0) 2 |
(c) 9a® +6a + 4 =0

9a2 +6a+1+3=290

(32 +1)2 +3 =0
(3a + 1)2 is > O for every a.
Thus the truth set 1is empty.
(d) The truth set is ([2}.
(e) The truth set is {0,2}.
(f) The truth set is g.
(g) The truth set is {4, - 2}.

(h) The truth set is (%, 61;”

12-5 Quadratic Pelynomials.

This section, along with the preceding three sections, covers
the Standard techniques of factoring found in the usual elementary
algebra course. Although these techniques are important, they are
not ends-in-themselves. The 1ldeas behind factoring should be
ipgpughpﬁto the student's attention at every opportunity. The text
céntaiﬁs many exercises designed %to sharpen the student's factoring
techniques. The ones you‘assign‘should be selected wilth care. Do

[pages 334-336] /
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not swamp the students in a deluge of drill problems and do not
avolid the "idea" problems. It 1s a temptation to treat factorirg
in a mechanical way and so allow the students to fall into the
trap of blind symbol pushing. This danger is always present when
techniques are emphasized,,and 1t 1is up to the teécher to maintain
the proper perspective in tﬁgﬁe situations.

Lo .
Page 337. Example 3. x° 7710x + 36 1s also.not factorable be-

cause 10 1is too small. The smallest positive value of
p for which x° + px + 49 1is 'factorable is 14 and
this gives a perfect square. xe + 1lix +'49 = (x + 7)2.
x2 + 13x + 49 1s not factorable because 13 1s too
small.

The polynomial x2 + bOx +~ 36 1s not factorable be-
cause U40 is too large. Similarly, x° - 38x + 36 is
not factorable because 38 i1s too large. x° - 50x + 49
= {x - 1)(x - 49). 50 is the largest absolute value P
can have 1n order for x2 4+ px + 49 to be factorable.

See Problems %, 5, 6, below.

Answers to Problem Set 12-5a; pages 337-339:

l.

(a) (a +5)(a+3)
(b) (a - 5)(a - 3)
(c) (a+5)a-3)
(d) (a - 5)(a +3)
(a) (t + 10)(t + 2)
(b) (t + 20)(t + 1)
(c)  (t +5)(t + 1)

(d) not factorable over the integers

+

+

94

[pages 337-338)
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(a + 11)(a -~ 5)

(x - 3(x - 2)

(u - 6)(u - 4)

(v - 18)(y + 1)

not factorable over the integers

-(x - #)(x - 3)

-(x + 12)(x - 1)

-(x + 6)(x - 2)

-(x + 12)(xz + 1)

not factorable over the integers

(a - 8)2

not factorable over the integers, 8 ¢ 26k

4

not factorable cver thg intege:'s. Since 2 is a
factor of 36 and 64 = 26, the 2's must be split.
32 + 2 < 36 and uiny other split gilves smaller sums.
(a - 16)(a - 4)

not factorable over the integers,

(x = 3¥(x + 3)
not factorable over the integers
not fxzvtorable over the integers

(h - 23)(h + 13)
(z2-8)(z°2 +1) or

*

(z - 2)('z2 +2z +4)(2 +1)(z2 2 .z 4+ 1)

(02 - 7)(b - 2)(b + 2)

(a - 3)(a +3)(a - 2)(a + 2)
(v - 3)(y + 3)(y% +9)

a

9

[page 338]
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10.

(a)

[¢]

H O
e Sa”

— — — — — — — — -
03 o}
g p

(a + 7)(a - 2)

not factorable over the integers.

(a - 12)(a - 9)

108 = 22.33
3 is a factor of 21 but , 2 1s not, 3o the 31!s
are split hut the 2's remain in one factor. Thus

(3.2%) + (32) = 21
(a + 40)(2 - 15)

600 = 2.3.5°

of 2,3, and 5 only 5 1s a factor of 25 so the ‘

5's are split but the 2's must be in the same factor.

Thus (2°.5) - (5°3) = 25
2 2

3(y° - 4y + 4) =3(y - 2)

2

x(x° + 19x + 34) = x(x + 17)(x + 2)

5a(a2 - %a + 6)

T(x - 3)(x +3)

The truth set 1s {12, - 3}
The truth set is (3,2}

The truth set is (4,9}

The truth set is {C, - 6}
The truth set is (6,1}

The truth set is 3, - 2}.
The truth set is (-4,3}

The truth set is @,

[pages 338-339]
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12.

- *15,

\
(a) If x 1s the number, then x° = 6x + 7

The truth set is (7, - 1}
The number could be elther 7 or -1l.

(p) If the width of the rectangle is W inches then
the length is w + 5 inches and w(w + 5) = 84,
The truth set is (-12,7}.
Thus the width of the rectangle is 7 inches.

(¢) The number is either 1 or 3.

If the length of the bin is x feet, then the width is
12-x feet and 70 = x(12-x)2.

The length of the bin i1s 7 feet and the width is 5
feet. ‘

The square 1s 6 feet on a side and the rectangle 1s 12
feet long and 3 feet wide.

Assume that (x + m)(x +n) = x° + px + q.

Then, mm=9gq and m + n = p.
Also, (x - m){x - n) = x2”-(m +n)x +mn = x° - PX + q.
x2 + px + 36 1s a perfect square for p = 12 or p = -12.

12 1is the smallest value |p| can have for
2

x° + px + 36 to be factorable. Values of p for which
x2 + px % 64 1s factorable are obfained as follows:
Note that p =m + n where mn = 20,

men ] ° m+n

26.1 65

2542 34

2*.02 - 20

2323 ' 16

Positive values of p are 16,20,34,65 and negative
values are -16,-20,-34,-65. The perfect squares are
given by p = 16 or p = -16. Note that 16 is the

[page 3391
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smallest value |p| can have,

The student should be able to generalize the results in
the two .eXamples and guess that 2n 1s the smallest pos-
itive value of p for which x2 + px + n2 is factorable
and that this gives the perfect square, (x + n)2.

The largest value of p for which x2 + pPX + n is

factorable is n2 + 1l, 1In which case

x° + pX + n = (x + 1)(x +n

%)
The above results are special cases of the following
general theorem, whose proof is too difficult for all but

the best students.

Theorem. Consider the quadratic polynomial x? + pX + q,
where p and q are positive integers. Then,
(1) The largest value of p for which the polynomial
is factorable is q + 1. . '
(2) The smallest value of p for which the polynomial
is factorable 1s equal to mnm+ n, Where mn = q
and m,n are as nearly equal as possible.
Proof: Assume that (x + m)(x + n) = x2 + px + q. Then,
m+n=p and un = d. Observe that

(m + n)2 - (m - n)2 = 4 mn  for all values of m and n.
Thexrefore, p2 =4q + (m - n)2.
It follows that p2, and hence, p, Will have 1ts great-

est value when (m - n)2 is as large as possible. This
obviously occurs with the factorization q = q-l, giving
P=m+n-=4qg + 1. )

Similarly, p2, and hence, p,v will have its smallest
value when (m - n)2 1s as small as possible, that 1is, '
when m and n are as nearly equal as possible.

98
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Answers to Problem Set 12-5b; pages 343-346:

1. (a) (x + 1)(2x + 3)
(b)  (2x + 1)(x + 3)
(¢) not factorable over the integers. The only factors
we have to work with are 1, 2, and 3 so. the max-
imum sum is 7.

2. (a) (3a +7)(a - 1)
(b) (3a - 7)(a + 1)
(¢) -(3a +7)(a - 1)
3 (a) (4y - 1)(y + 6)
(b) (x + 8)(x - )
(¢) . (4a - 1)(2a + 3)
¥, (a) not factorable over the integers
(b) (3x + 1)(x - 6)
(c) 3(y° +y -2) =3(y +2)(y - 1)
5. (a) (3x - 2)(3x + 2)
| (b) (3x - 2)°
(o) (3x +2)°
6. (a) (3a + 2)(3a - 1)
(b) 3a(3a + 1)
(¢) 9(a% +1)
7 (a) 3(x -.3)(4x - 5)
(b)  (5x + 9)(2x + 5)
(e) (2x - 15)(5x + 3)
8. (a) (6 + a)(1 - ka)
(b) -(3x + 1)(x - 6).
(e¢) (7x - 2)(x + 3)
9. (a) (p+aq)® 77
(b) (2a - b)(2a - Tb)
() (5x - 7y)° 99

[pages 343-345]
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_ 10. (a) 2a2(a? + 10a + 25) = 2a2(a + 5)2
) "(b) b(a® - 9a + 25), a® - 9a + 25 is not factorable
since 9 < 225
(c¢) (2a +5)(a +5)
11, (a) 6(x - 25)(x + 1)
(b) (x - 6)(6x + 25)
(c) 6(x +5)°
(@) (x - 6)(6x ~ 25)

(e) 6x° + 25x + 150 1s not factorable ovef the integérs‘ “

(£) (3x + 10)(2x + 15) ) -

(g) 3(x - 2)(2x ~ 25)

() 3(x - 2)(2x + 25) | |
12. No. There is only one factor 2 in the coefficient of  Q”f

x2 and none ln the constant term. Therefore, either

the inside product or the dutside product will have a
factor of 2 but not both. Thus, the sum of the inside
and outside products will be odd.

13. Yes. 3x° +5x - 12 = (3x - 4)(x + 3)

14, (a) 8x° +10x -3 =0
(4% - 1)(2x + 3) =0
is equivalent to
4x -1 =0 or 2x +3

o R
x =‘% . or x=- %
 The truth set is {%, - %}

(b) The truth set is (3, - 4]

o

b 2,
REATIRY
A

- [page 345)
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(a) a® - ha + 15 1s not factorable over the integers.
If you write '

a® - La + 4 -4 4+15 =0

(a -2)2+11=0
it become clear that the truth set 1s empty.

’ )
15. (a) The truth set 1is [o,g
(b) The truth set is [%, - %}

(c) The truth set is (-1, 3)
(d) The truth set is (3, %J

16. (a) (w - 4)(w + 4)
(p) (x - 1)(x +7)
e) (y=- )y +T7)
(@) (a -5 -3b)(a-5+3b)

17. If x 1s one of the numbers, then 15 - x 1s the other
number and

22 + (15 - x)2 = 137
x2 + 225 - 30x + x2 = 137
2x% _ 30x + 88

2(x® - 15x + 44) = 0

I
o

2(x - 4)(x - 11) =0
The truth set is (4,11}
The two numbers are U4 and 11.
18, 1If the width of the rectangle is w inches, 1its length
is w + 7 inches and W+ (w + 7)2 = 13°
we (w + 7)2 = 13°
e , The truth set is {5, ~12}. = = -
: The width of the rectangle is 5 inches.

[pages 345-346]
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19.

20.

21.

22.

23.

If n 1is one of the numbers, n - 8 1is the other
number and
_ n(n - 8) =84 ,
The truth set is (-6, 14} . j
The two numbers are 6 and 14 or -6 and -14.

If q 1s one odd number, then q + 2 1s the
consecutive odd number, and
a(q + 2) =15 + 4q .
The truth set is [-~3, 5].
The numbers are £ and 7 or -3 and -1.

If Jim walked at the rate of X miles per hour Bill
walked at the rate of X + 1 miles per hour.
In one hour Jim walked x-:1 mlles and Bill walked
(x +1)°1 miles. Then

(x-1)2 + {x +1)- 1) -5
The truth set is [-4, 3)
Jim walked at the rate of 3 miles per.hour and Bill
walked at the rate of 4 miles per hour.

2

If the length of the base of the triangle 1s b 1nches,
its altitude 1s b - 3 1inches and

F(b)(b - 3) =14 .
The truth set is (7, -4).
The length of the base of the triangle is 7 inches.
If the width of the rectangle is w feet and
w(ld - w) = 24 -
The truth set is [12, 2].

The width of the rectangle is 2 feet ang the length
is 12 feet.

’1()2”

g [page 346)
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12-6. Polynomials over the Rational Numbers or the Real Numbers.

© Phe maln idea here is that a polynomial, which is not factor-
able when considered as a polynomial over the integers, maybe fact:
orable when considered as a member of the wider class of all poly-
nomials over the real numbers. In other words, factoring depends
"on the class of polynomials we have under discusslon. :

This is a good place to raisé the question of whether or not

the polynomial x2 + 1 can be factored if we allow a wider class
of polynomials. I% can be polnted out that, in order to factor
x2 - 2, we had to pass from the rational numbers to the real
numbers and, in order to factor x2 + 1, we must pass from'the
real numbers to the complex numbers, which will be studied in a
later course. Note also the corresponding problem of solving
equations, The equation x2 - 2 = 0 does not have solutions 1if
only rational numbers are permitted, but does have solutions 1if
real numbers are allowed. Similarly, the equation %2 +1=0
‘does not have real number solutions but does have complex number
solutions.

At
AN

AR
T

Answers to Problem Set 12-6; pages 348-351:

(a) %ag - %-: -g—(a2 - 2) over the rational numbers

= %—(a - v/ 2)(a +/2) over the real numbers

1.

(b) 17u(l - 3u®) over the rational numbers
17u(l - +3u)(1l + /3 u} _over the real numbers
(c) 267 - 362 +'4t = Z6(t2 - 6t +8)

= %t(t - 4)(t - 2) over the rational
numbers. _
(4) £t7 - 162 + 8t = $t(t° - Bt + 16)
= %ﬁ(t - 4)2 over the rational
numbexrs '

[pages 347-3%9]
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(e) a' - 16 = (a° - ¥)(a2 + &)

= (a - 2)(a + 2)(a2 + U4) over the rational
numbers

(r) ¥x2 + 9 1s not factorable over the reals.
2, (a) 2%° -6=0
2(x% - 3) =0

2(x - V/3)(x +v3)

=0
is equivaient to
(x -V 3)(x+/3) =0

is equivalent to
x -/3=0 or x+ 3 =0
The truth set 1s { v/ 2,- v 3}.
(b) The truth set is {0, v/ 2, - v/ 2)
(¢) The truth set is (0} .
3.  (a) x2 +Ux - 1= (x2 4+ 4x +4) -1 -4
(x + 2)% - ( V/3)?
=(x+2-/B)(x+2+J/5)
(b) x® +x +2 = (x2 + hx + 4) +2 -4
= (x+2)2 - (VB)°
=(x+2-J/2)(x+2+/2)
(c) x2 ¢ Ux +3 = gx 4+ 3)(x + 1)
(da) x2 - 6x + 6= (x° - 6x+9) +6 -9
= (x-3)2 - (/3)°
=(x -3~ J3)(x-3+/3)
(e) ¥y -5=1(y - VB)y + V5)
(£) (2 -6-vB)N2 -6+JF)
(g) (s -5-2+B)(s=~5+2/56)
(h) 2(£ -2 - VB (X -2 + /5) e
(page 350]
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y2-4y+2=0
(y2-4y+4)+2-4=0
(y - 2)2 - (VB)Z =0

. (Y:—2-~/§)(y--a+ﬁ)=o -

The solutions are %_,_ «/}blm-éﬁ-d-—? '_

~y-~_2;.,\/_2'~=~0 or y-’-'.2+\/' 2=0

y =2 + «/—2. or y =2 = «/_2_

The sqlutions are 2 + /2 and 2 -V 2. .
The solutions are 3 -+ ff and 3 —7/—'.
The solutions are 5 -+ \/Eg- and 5 - f2——6.

"There are no solutlions.

not factorable over the real numbers

The truth set 1s [-—g- -‘-/_-g, - % + ‘Z%_}

7efEL
-

3

The truth set is [ 2, - %—)

The solutions are -1 and -%-
[page 350]
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12-7 The Algebra of Rational Expressions.

' 368

«8, (a) 2x% - 12x - 5

i

(x® - 6x - 2)
2(x® - 6x +9 -9 l %)
: ((x -3)° - 1?) .
AV, TV I

]

i

]

RO JPess L

As the t1tle of this sectlon 1ndicates, we hope that the
student has begun to feel that, in working with expressions such
as polynomlials, he is dealing with a. system. It may be natural to

- bring this point out in class 1f the opportunity should arise, _
‘although it is probably not a good idea to make ‘an issue of it at

';1this time. The better students, at least, should already be aware

B corresponding operations for real numbers. Since wevhave.empha—f_'

““that our work with expressions i1s based on operations of addition

and multiplication which have some of the same properties as thevj‘uﬁ

 sized many times that these operations and theirnproperties:are [:~

fjfwhat give the real number system dts structure, these students
';should be.about ready to- think of. the. system of expressions in
this more sophisticated way.. . . . . . T o

106
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The analogy between rational expressions and rational numbers
and between polynomials and integers should be emphasized.

Notice that zero (as well as 5, for example) is a rational
~expression. In fact, zero can even be thought of as a polynomial
over the integers. If A and B are rational Fxpressions, then

‘A +B, A-B, AB are obviously'rational expressions. Also, %

is a rational expression if B cannot be written as the zero ex-
pression. However, there may be restrictions on the domalns of the
variables involved in B in order to avoid division by zero. As
an example of an expression which can be written as the zero ex-
‘pression, we have the expression

(x +¥)(x - y) +y° - %x°
Since 5
(x +y)(x -y) +y2 -x° =0

for all values of the variables x and Yy, an expression such
as
X +y
(x +y)(x - ¥y) +¥° - x

2

1s not a numeral for any values of the variables and therefore
cannot be admitted as a rational expression even with the conven-
tion of restricting the domain of variables. The expressions which
can be written as the zero expression are precisely those express-
jons which represent the number zero for all values of the vari-
ables. In other words, they are "equai to zero" in the sense of
the definition mentioned in the introductery comments on this
chapter.

107
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Answers to Problem Set 12-7; page 354:

X -

1, & =2--2 0 1f x£1 and x £ -1
x -1

2. x2 1fy A1

5. EE2 4rx£6, xf-1

b .
4. m if b%l,b%-l,a%o

5. iz *—3%§x * 1) 45 x A3, xA-1, XAO

6. 1 if x A1, x #-1

12-8. Simplification of Sums of Rational Expressions.

Answers to Problem Set 12-8; pages 357-358:

. 3.2 .3 .5_2.%
x? 5x x 5 5x X
15 2x _35-2x
5x°  5x°  5x°
1,1 ,1_1.be _ 1.,ac_ 1ab
2. F+5+t¥=F B TH @ cab
_ be + ac+ab_bc+ac+ab
~ abc abc apc abc
3 ;—-— 1 —2=l'-2-_7%_'§._2'?.§'_;.
- 22 2a ;’2' 2 - Pa a oa
_ .2 __a _ ‘llag _2-3a - 4a2
E]aE 28.2 2a2 ,2ag
_ 5 x-1_5+x-1_4% +x -
k. x-l+lf'x-l+x T x -1 T x -1

[pages 354, 357]
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10.

1l.

12,

‘13.

14,

15.

16.

17.

371

2 2 o m -1

+m—2 m- 1

2 5m - 8
2)  m-1)(m-2)

,.

g
i
(o)}

+

n

=]
1

5]
|

|

~q

-~
=
]

6a - 10
ala - 5)(a + 1)

8x - 1

X° - 3% - x5 - Bx _ 8x

s ® o3 =~ " ®EFSIE -3

(x - 2)° (x + 3)
y2 - 3y + 10

[page 3571
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+ 2x
19. %ri‘:‘iy

1lla + 65
20. §la-5J(@ +5)
21, x -y |
22, 2B
23, X_g_z

24, The set 1s closed under these operations., We hope that ‘
the student 1is beginning to appreciate that he is dealing -
with another system, ’

12-9, Division of Polynomlals.

The fundamental idea in this section 1s represented by the
following property of the system of polynomials:

Let N and D be polynomials with D different from zero.
Then there exlst polynomials Q and R with R of lower
degree than D such that N = QD + R,

Thls property is analagous to the following property of the system
of integers:

Let n and d be positive integers with d different from
0. Then there exist positive integers q and r with r
less than d such that n = qd + r.

The similarity of these properties accounts further for the

kparaliel between polynomials and integers. Just as the division
" process in arithmetic i1s a systematic procedure for obtalning the. ..

integers q and ‘P, the division process for polynomials is

simply a systematic procedure for obtaining the polynomials @

and R.
The technique of division should not be allowed to obscure
the idea behind division. Of mathematical importance here are the

. structure properties of the system of polynomlals which are lmplied

[pages 357-358)
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by the existence of Q and R, This is another case in which a

standard technlque in elementary algebra must pay 1ts way by carry-
ing along some ilmportant mathematlcal ideas.

Answers to Problem Set 12-9a; page 362:

1. (a) -12a° - ga + 12
(v) —ex? - 2x° - Tx + 8
(c) -2y° + by - 5
2, (a) 13a - 20
(b) - 11x° - 6x - 6
(c) 2y° + 11y - 16

(@) 9

Answers to Problem Set 12-9b; page 363:

1. x-2| 2x° - l4x +3 =2x(x - 2) +3

2

2x° - Ux

1

Thus 2x° - Ux + 3 = 2x(x - 2) + 3

2
2X - 4x 4+ 3 3
and X = B = 2X + o

2. 4x2 - ix - 15 = (2% - 5)(2x + 3)

3, 2x2 - 5x2 - 8x + 10 = (x2 - Ux +2)(2x +3) + b

3 2
2x° - 5x° - 8x + 10 _ _2 4
and 2% ¥ 3 = x" - X+ 2+ gy

[pages 362-363]
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B, 202 - 2x° + 5

(2x° % 10x + 60)(x - 6) + 365

3 2
and = x'_ag +5 . 2x2 + 10x + 60 +-§§§55

5. 2%° + X0 - 5x2 + 2 (2x4 + 2%° + 3x° - 2x - 2)(x - 1)

5 3 2
and e el ax*t +2x° +3x° - 2x - 2
6. 3x3 - 2x° + 1ix + 5 = (-2 _x + 5)(3x + 1)
el 2 ,
B X7 - 2X° + . S

Answers to Problem Set 12-9c; pages 364-365:

l. x-3 x° - 3X2 + 7x - 1 x° + 7
%2 - 3x° |
T - 1
Tx - 21

20
Check: = (x° + 7T)(x -3) +20 = x° - 3x° + Tx - 1

) il -
X - 3x +7x -1 _ 2 20
X = = =X + T+ x- 3

2. x +3 22
X -3

Therefore,

3, x° - 3x° +'x_+13

4 5x° - 10x + 9 + szl%
5 2x - 5

6 2x° +x - 1+ 3§3:7;
7 X + X 4 X

112
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X+ 3

Thus,

10.

11.

12,

13,

2x

375

x3 - x2 +x -1+ i?é%7I

xu - x3 + x2- x + 1

lx + 2 + 1 note: the quotient is a poly-
3 37 3% ~ 15 -

nomlal over the rational numbers.,

1
IO .

2 2x + 1
1 i
N=Q +R

if R=0 then N =Q and D 1s a factor of N.
Thus if N 1s divided by D and there 1s no remalnder,
then D 4is a factor of N,

2x4 + 2x0 - 7x2 + Uz -3 2% - Ux® + 5x - 1
| 2% + 6x°
- b - 7xz
- ix - 1ox”
5x2 + ikx
=« 12
-X ; 3
-% - 3

+ox0 - 7x2 + x - 3 = (20 - Bx° 4 5x - 1)(x + 3)

13

[raege 365]
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"Anqwers to Problem Set 12-9d; pages 366-36T:

1. (a) 2x + 2 + E'%TS

S (p) 2x -5+t

((3).x2 ltx+2+EL+-3-

(a) 'xe,f %x -«% + Ei%é:i
(e) x2 - 2x +5 + E:;lg
(£) 2x - 1 + 10x 4+ 2
X" =3
(g) x + ;85::5i—:—1
(h) 3x° + Ux + 10 + igﬁji:ZQ |
-2x% L x + &

(1) x - 42

( ) 3x + x2 - X+ 2
J —_—
é. (a) 3x5 - th + 1

) =2 -x0 +1

(c) 2x° 4 2x - 1

(@) (2 +x - 5)(axt - 5) ¢ Zp=BE

2X' + X -5

Therefore, ex” + X -~ 5 18 not a factor of

8 2

hx™ + 2x5 ~ 20x° - 10x + 25,

[pages 366-367]
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~fAhswers to Review Problems; pages 369-375:

1.

4,

A1l except (1), (J), (k) are rational expressidhs.

(a), (b)’ (C)’ (d)’ (e), (£), (E); (Q)’ (P),'(S),.(V),(W)
are pqunomials. : : L

(v), (a), (r), (v), (w), are polynomials in one variable.

(a)’ (b)’ (C)’ (d),<(Q)’ (S)’ (V), are polynomials over
the integers.

(e), (£), (g), are polynomials over the rational numbers
but not over the integers. '
(r), (w) are polynomials over the real numbers but not
over the rational numbers. ‘

(a) 6 VE+6 V3-2VE-2V3=8/2+4Y3

(b) V1&4=3¥ Jz

(¢) (x +y)J/x +y for non-negative numbers (x + y)

(a) JV3-064J2

"

(b) 3+2vVE+2=5+2 V&

d) (x-y)x+y) -4 (x+y)=(x+y)(x-y-14)

&) (x - y)(x +y) ¥ 2(x —¥)x-¥) -3 (x - ¥)x - y)°
(x-9) (x+9) + 2 -9) 3 (x -9

(x - y)(x +y +2x - 2y - 3x2 + bxy - 3y2)

(¢) x -1

(a) (x - 24)(x + 2)

(b) Not factorable over the integers. °
(c) 3a2b3(ab2 - 2 + 4a®p)

(

(

(x - y)(3x -y - 3x2 + 6xy - 3y°)
50 - 2)(2a - 5)
Sa - 2)(2a + 5)

[pages 369-370]
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(n) 4(x - y)® + 8(x - ¥)% - 2(y - x)2  Notice (y - x)2'73
- 4(x - ¥) + 6(x ~ )7 L

2(x - y)? (2(x -¥) + 3)

2(x - ¥)? (2x - 2y + 3)

2

(1) x° + 2ax + a° - bx - ba - cx - ca

(x + a)2 - (x +a)(b + c)

(x +a){x+a-Db-c¢)

"5, (a) Positive factors of 12 are 12, 1
6, 2
. .
K may be 13, 8, 7
(b) 6 =1+5
2 + 4
>5+3

K may be 5, 8, 9

) &5 -305-4
(32 =k
(3v/3)% =e1

2

6. (a) %%;

1502 + 9lab - 125a°
(b) 3=
1752°b

a - 2b
(c) abla -

(d) x + 3;%33;—3?2X - 1)

116
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()  +4x° - hx - 1

o .
(¢) %" =x+1-g3T

(d) x" +% +x2 +x +1

8. (a) (-2}, if x#£0
(b) (25}, if y#£0, ¥ #5
(o) =51, ir.xpl, xA -2
(@) (2,7}, 1f n A3, n#-3
(e) [%, -21?-], 1If X #£3
(£) (9,-9]
(g) (0, % -2

(h) |x]2 + |x| =12

%)% + |« -22=0
(Jx] +2)(]x] -3) =0
|x| +2 =0 x| -3 =0
x| = -4 || =3
¢ x=—3
x=3.
If x = -3, If x =3,
I-31% + 3| =12 1312 + |3| = 12
9+3 =12 9+ 3 =12

Hence, the truth set is {-3,3].
[pages 371-372]
117




380

9. (+3)2-n2-7  _n)(n+3)+n)
=2\ e
10, x - 3| x4 - 5x3 + 6x° - 3 X - 2x2_
, x4 - 3x3

- 2x0 + 6x° - 3

- 2x3 + 6x2

Therefore,

,,,,,,,,,

so that X - 3 1s not a factor,
11. (a) The degree of R is less than 3.
(b) The degree of Q 1s 97.

12. (a) When we use equality to indicate that one express-
ion is "written in" another form, it is always _
understood to mean that the equation is a true state-~"
ment for all admissible values of the variables. '
Hence, the truth set is all real numbers.

(b) Any value of x could be used. For example, if :
x = 0, we obtain 1 = 2°(-1) + R and hence, R = 3.-
A better value is x = 1 since in this case '

)}
ot s 1=20 +22+2 v 1)1 -1) =R
3 = 2.4:0 + R
>3 =R

The idea is that with this value of x the first
term on the right hard side of the squation_is
automatically zero regardless.of what the number

2

2(x3 +x° +x + 1) 1is. (See the next problem.)

118
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13. In this problem we do not know @ and 1t would be a
great deal of trouble to find i1t. However, the cholce
of 1 for the value of x glves :

100

5.11%% 3.117T 1 =9g(1-1) +R
7 = Q0 +R
7=Rn

| Therefore, we obtaln the value of R 1n spite of not

knowlng what number 1is represented by Q when x l}:tj,ﬁr

14, (z) Q has degree T.

(b) If R é

0, x -1 1s a factor of Uix { n.

(¢) If x =1, then

4-18 +n

]

Q-0 + R

4 +n=R

]

Hence, 1f n = -4,- then R = O.

5. x +3| 217 o 5x® 41 |20 - 6x5

2x17 &+ 6x16'
6x16

- 5x% + 1
- 6x16 - 18x%°

| 1320 + 1
Therefore,
oxt! _ 5x10 4+ 1 = (2::16 - 6x2)(x + 3) + (13x1° + 1)

16. Theorem. If a and b are distinct positive real
numbers, then

atbs Vb
Proof: If a+b -2 Jab>0
then a +b - 2/ab + 2+@b > 0 + 2/ab
. (addition property of order)
or a +.b > 2 Vab.
[page 373]
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a+b

. Hence, > ~ab (multiplication property of order). :

Therefore, we have only to prove thatl

a+b-2 ab> 0.
Observe that .
a+b - 2~/_5 =a-2va Jb +b
=( V3 - /B2 |
Since, a # b, also /2 # JB  and thus, /2 - Vb #£ 0.

Since, the square of any non-zero real number is positive,,
it follows that a+b -2 +ab > 0.

17. If x 1s the number of minutes until they meet, then
x - 35 or %% is the part of the whole job done by one

boy, and X - é% or & 1s the part of fhe whole job

done by the other boy. After Xx minutes have elapsed,

the two fractions must total 1. Then, g% + ﬁ% = 1 and

x = 18.

18. If n 1s the number of pounds of candy selling for
$1.00 per pcund that are to be used in the mixturé, then
40 - n 1s the number of pounds of candy selling for '
$1.40 per pound that are to be used in the mixture.
Then (n)(100) 1is the value in centc of the less expen—-
sive candy in the mixture and (%0 - n)(140) 1s the
value in cents of tlie more expenslve candy in thehmixture‘
and (40)(110) 1s the total value in cents of the
mixture. Then 100n + (1%0)(40 - n) = (40)(110) and

=30, 40 - n = 10. Hence, 30 pounds of $1.00 per

pound candy were included in the mixture, and 10 pounds
of $1.40 per pound candy were included in the mixture. J”“

120
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19.

20.

21,

e2.

. 383

If x 1s the number of gallons of mixture removed, then
the amount of water at beginning minus water removed plus
the water added equals water at the finish.

.85(100) - .85x + x =.90(100)
‘and x = 33 %.
Thus, 33 % gallons of mixture were removed. An equa-
tion based on the amount of salt in the solution is
(.15)(200) - (.15)(x) = .10(100)

where X again 1s the number of gallons of mixture
removed.

If r 1s the rate of the train, then 10r 1s theirate
of the jet. In 8. hours the train travels 8r miles
and in one hour the jet will go 10r miles. Then,

10r = 8r + 120,
r = 60 the rate of the train in miles per hour.
10r = 600 the rate of the Jet in miles per hour.
If r 1s the rate of one traln, the %r is the rate of
the second. In 3 hours and 12 minutes or 3 % hours

16

T+ %g(gr) 160.

30 miles per hour.

e
fl

A
il

20 miles per hour.

\ N
o
o

10 hours one way

15 hours returning

N
NFS w4
olé o

il

Since the average raﬁé for the whole trlp must involve

total distance and total time, the average rate 1s
é%% or 24 milegfpéf hour.

[page 37%4]
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24,

If 4 1is the distance in miles one way (d >.0) “and '
the rate 1s r miles per hour, the time one way is '%‘~

hours. On the return, if the rate is q milles pef hour,
the time is % hours. The total distance, 2@_-milesi D

d . |
S+ % hours, will be

divided by the total time,

2d _ _2d ., rq _ _ 2drg
d,d d,4d rq T dq +. dr
r aq r g

.2drq _erg ,d : e
dq+r) g+r d :

- _2rd_ miigs per hour, 4q # 0, o # 0.

applying this to Problem 22,

2(30)(20) _ 1200
ég + 20 ~ 50

2% miles per hour.

I

The student should observe that the distance travéled
does not affect the average rate. o R

If x i1s the first integér then x + 1 1s 1ts sﬁccesSqﬁ

1 1
and the reciprocals‘are 3 and T 1

. 1l 2 ‘ :
Hence, -J]E'+-J?—+—I=T§-2-, if x;é‘O, x;é-_-l..

‘ respectivéiy. o

182(x #-1) + 182(x) = 27x(x + 1)
(27x + 14)(x - 13) =0
x-13 =0
X = 13

27x + 14 =0
This equation has no solution among the_integérs.

122
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If x = 13, then
1 1 2 14 13 27
B+ﬁ=is%°rm+i8%-m-

Thus, the truth set of the sentence is {13} and the
required integers are 17 and 14,

x+3  Xx-3 2

X X X _2
25, > s—=5=1, 1f x /0.

26, If x 1is the number, then
x® - 6x -9l =0
(x - B)=x+7) =0

X - 13 =0 X +7=0
x = 13 X = =7
If x = 13, If x = -7
13° = 91 + 6(13), (-7)2 = 91 + 6(-7),
169 = 91 + 78 49 = 91 - 42

Thus, the truth set is {13%,-7]).
‘ 5
27. If n 1is the number of mph for the faster car then

n - 4 41is the number of mph for the second. Then
2%9 is the number of hours during which the faster

travels, and HégQE is the number of hours during which

the slower travels. Hence,

204128, ar nfo, nfk, n>0
1 2 3 _-_..:5._.
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360(n - 4) + n(n - 4) = 360n
j60n ~ 1440 + n° - 4n = 360n
n® - In - 1440 = O

(n + 36)(n - 40) = 0.
n+3 =0 n-U4 =0
This equation has ‘ ' n - 40
no solution among If n = 40,
the positive numbers. . | 2%8 + 1 = égg‘
9 +1=10

Hence, the positive number of the truth set is .40, and
the rates of speed are 40 m.p.h. and 36 m.p.h.

28. If the width of the strip is w feet then the number of
feet in the length of the rug is 20 - 2w, and the
number of feet in the width of the rug is 14 - 2w. .
Hence, two names for the area of the rug are avallable,
and appear as sldes of the equatlon: ‘

(20 - 2w)(1% - 2w) = (24)(9), O < w< T
280 - 68w + w2 = 216

Yw® - 68w + 64 = O

we - 17w + 16 =0
(w=-216)(w-1) =0

w =1

w - 16 = 0 has no solution such that w < 7

If w =1
(20 - 2)(14 - 2) = (24)(9)
(18)(12) = 216

[pages 374-375]
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Thus, the truth set of the original equation is (1).
Hence, the width of the strip is 1 Cfoot. '

29, If x 1s the number of units in the length of the
smaller leg, then 2x + 2 1s the number of units in the -
longer leg. Hence, by the Pythagorean relationship,

x2 4+ {2x +2)%2 =132, 0 < x < 13.

2

x° 4+ 4x% 4 Bx + 4 = 169
5x% + 8x - 165 = 0
(5% + 33)(x - 5) =0

X =5

5X 4+ 33 = 0 has no positive solutlon. .

If‘ $=55
52 + ((2)(5) + é) = 13°
169 = 169

Thus, the truth set is {5}, and the shorter leg is 5
units in length, and the longer leg, 12 units,

3/«% = w~, which is irrational.

S 2 ./10 V10
m’“/'s;‘d: 10

5 which is irrational.

30.

3——e . 3 8 3/ 800 _ 3/ B00 34100
-0008 = 'f”/IGEGG = = =100 = 50?
which is irrational..

‘ ( 3r:i)( o .16) = (-1)(.4) = .U Which‘is rational.

[page 3751
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-

31. If the two-diz=t number is 10t + u, the sum of its
digits is =+ u, and

‘if "*if =4 + E—%“Z’

N s =k +hu+ 3
U o= 3
1 =1

t -1 ar.- u 1is a positive integer < 9.

it =1, wh=n u =1, and tk= number is 11;

if =3, t'n u=5, and the number is 35;

if

2
t

if t =2, t:=2n u=3, and tzs number is 23;
t
t =4, then u =7, and the number 1s U47;
t

- if =5, then u =9, and the number is 59.

PO B 10t + u 11 . 3

ir t =1, u = 1, then T Fu is 5 = b+ = The
pair of values, t =1, u =1, should not be allowed
since the numberator, 3, of the remainder is greater
than the denominator, 2.

If t=2, and u =3, %1=4+%;
.if t =3, and u =25, %?-= 4 +-§$
: '1f t =4, and u=7, %% =4 + %%;
; if t =5, and u=9, %% =4 + %E‘
t Hence, the solutions are 23, 35, 47, 59.
32, —2— |
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- 33. |'—5-5]__’_9
|X-5I.IK—5 V * -
' Ix -5 > B
X -5 S 3 X*X-5<K-3
x >4 ar xg£ 2
The truth set is thr ~e” " all x such that x> 8 or
x £ 2. The formal: "to0ms Jor solving lnequalitles such
as this are not ye- .zrgslalile, so the student wilZ_have
to move toward the = uiilsn by careful trial of numerous
possible members o. € set. or, if he 1s seeking a ‘less

haphazard approach, . 4=% nake the plausible assumption
that if a and b = pozttive numbers and a2 > bz,

then a > b.

34, (a) While the smal hand travels over a number of minute -
markings, x, she large hand travels over 12x of
these units. :<...z= the hour hand is at 3 o'clock
position, it has a 15-unit "head-start" over the
minute hand at the time 3:00. Thus

12x = x + 15,
11x = 15,

% = =2
o

If x =32, then

51

122, = 2 + 15,

180 _ 180,

[ N 5 §
Thus, the truth set of the equation is (2] and
the time when the hznds are together is 16%i
minutes after 3 o?clock.

127
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(b) In p=rt (a) both hands came to the same mimmze
divizion; in part (b) the minute hand 1is to zomms
to a reading 30 units ahead. of the hour hani.
Hence, an equation for part b 1is : -

12x = (x + 15) + 30 and X = 4 %ﬁ

-

And The hands will be opposite each other at 49 =
minutes after 3 o'clock.

35. If the number of steers 1s s and number of cows is <.

then,
258 + 26c¢ = 1000
258 = 1000 - 26¢
s - 1000 - 26¢
5
s = 4o - 26¢

25
If s and c¢ are positive integers then 26¢ must be _
divisible by 25. This is true when ¢ = 25, 50, T55ece)

a multiple of 25, because 26 and 25 are relatively
prime to each other.,

If c = 25, —%gg— =26 and s =40 - 26 = 1i4.
If ¢ =50, %gg =52 and s = 40 - 52 = ~12,
If ¢ = 75,'%22 =78 and s = 40 - 78 = .38,

It i1s thus apparent that if ¢ > 50, s 15 a negative
number. Hénce, ¢ may only be 25
and s = 40 - 26
s = 14,
So he may buy 25 cows and 14 steers.
128
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If we were to solve the originz’ =quatiorr instead for c,

_ 1000 - 253

¢ "“‘“ﬁE‘Ji‘

‘s would -=ve T be choseEn so az to mai=
divisible =y =

N s

paa— )

1000 - 258

Though this can be dane. 1t 1s plainly
more diffcult than the other approach.

[page 375]



Suggested Test Ifems

1. “lassify- =he . Zollowlng expressions by writing the iden- P
Tifylng letter of the expressicn in the spaces provided
‘ne exwressios may fall into mmre than one classifica’cion.,,

ta) (x - Fox o+ 2) (e) .\.'"“'f’f"-:z +1

et
(c) Vx =2 (8) [x— 1]

(d) 3x"2 4 L

rational =xpressions
polynomials over the real numbers,
polymomials over the ratiomal numbers
polymomials over the integers
none of the above

2. Factor over th= inmtegers, if possible.

(=) ax® - ax - 6a° (a) 6x° - 1llx - 72

(b) 222 - 16 (e) (22 - 1)2 . (a - 20)2
(c) = - x - 20 (f) Zab - 302 4 2a° ~ 2ab
3. Find == truth sets of the *=llowing: ‘
(a) =° + 3x = 51 (2) ™ = 11b - 36
4y’ 32 + =65 = 15y e =2 = bx
o =R em=moo3 (£ 27x® = hox + 49

b, Tow wims v=lues of x, dis‘a-tri=agle having sides of
X - T imehes, X inphes, mmdx =1 Inches, a righ’c
triangi== '

5. Prove o—-di=prove trat Zz - 1 i= a factor of

- 3x° — 2% + 1. ’
‘6. For ezch imteger v show that =+ 5)2 - y is divisible
by 5.
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11.

12.

1.

393

VWrite an expression for x ir Terms of a 'a‘n‘d b if
ax - a2 = ab - bx,
If (x + 1)(x + 2)(x + 3)(x + &) -x o+ 80 4 23x2 4+ 22x
+ 12 where a 1s an integer. fizZ a.,.
Simplify

3 L

(a) +
;2 ~ Ux - 5 x2 + %

X z - 7 +
(o) 2zA§‘“ 2<5

() 5 2

-~ a

1+ =

(1) —5
2 +"3c-

2 .
(e) a -113—26

a® - 5a + 6

Explain when (= %klggzgd 2) is equal to (x - 1).

Consider the set of polymomials over the even integ=rs.
Is this s=t slose& under- addition? Is this set closed
under multiplication?

Find the integers a, b, znd ¢ in the followingz
(bx + 2)(3x - a) = fx% - BT - c.

By what poiymomial swenld = + 2 be multiplie€ to gez the
polynomial

: L

= 4+ 2% - x° —5B5x + 14,
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Chapter 13
TRUTH SETS OF OPEN SENTENCES

" In this cliapter we take a more carsful look at Ths process of
finding the truth set of a sentence. By developing = Tigorous
theory of equivalent equations and equivalent inequeiitles, we
are able to determine when a new sentence has the same truth set
as the original sentence without havirg to check in the original
‘sentence. ‘

A Material on open sentences and .eagivalent sentencw=s willl be
.found in Studies in Mathematics, Volum= III, pages 6.8-6.16.

'13—1 Equivalent Open Sentenées.

The important concept being emphasized here is am wmderstanc-
‘ing of why sentences are equivalent. If your studenss Hiave any
~trouble with the technique of deciding what to do to = seatence %o
obtain a simpler sentence, you may want %o paint out bow an lmFE-
cated additdon can be "undone" by .adding ir= opposiie (=s .in
adding (~x-7) in Example 1) and an imd¥cated moitipXicatlon cam
“be "undone" by multiplying by the reciprmcal (as in =mxltiplyinog by

% in Example 1).

' Answers to Problem Set 13-1la; pages 37%-iZL:

o 1. In parts (a): (b): ;(c): (d): (), (h):: (%), \k): (m)
',f* - the sentences are equivalent.

M

(a) 2s =12 8 =
L(2s) = L, 12 oot
5(2s) =5 - =2t

s =6 28 =12
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(b) Bs =3s + 12 2s = 12
58 - 38 = (3s + 12) - 3s . 28 + 38 =12 + 3s o
2s = 12 o  osse=3s+l2
(c) S5y -4 =3y +38 ) ¥y =6
5y - 3y =8 + &4 oy = 12
2y = 12 ' 5y - 3y =8 + &4
y=6 By -4 =3y +8
(d) 7s - 58 = 12 : s =6 '
2s =12 | 28 = 1é
s =6 7s - 5s =12

() Not equivalent. 2 1s a member of the truth set
of x% = I, but not of 2x° + 4 = 10, '
(f) Yot equivalent. %- 15 a member of the truth set»of'

Sx +9 - 2x = Tx - 12, but not of L = x.

>
(g) x°=x -1 1=x-x°
x2 + 1 =x x2 + 1l =x
2 2

() Fg -3 S y-1=3(1yl+2)

T Hvi) = 3(15142) (y’l)ﬁ'-%éT = 3(lyl 2k 3 2
y-1=3(lyl +2) _T§T;¢lg -3

: 2
(1) x> +1=2x ° (x - 1)% =0
x° -2x +1 =0 X2 - 2x +1 =0
(x - 1)2 =0 x2 +1 = 2x

[pages 379-3801




3

(3)

(k)

(/)

Not equivalent. 1 18 a member of the truth set of .~

x> - 1=x-1, but not of x +1 =1,

2

XT.Li=o_., x2+5=d._

X~ +5

2
x~ + 2 2 2 1 1
—E—-i(x +5)=0(x+5 (x°45 ——  =0——
x +5 ? (x"43) )x +5  x7+5
2

2 +5=0 O E Ao

X +5

(x2 + 5 1s a non-zero real number for every value '

of X.)

Not equivalent. O 1s a member of the truth set of 1

2 .

X +5_1, butnot of x° +5 =1,
x° +5 | :

Not equivalent -1 1s a member of the truth set of“ ?%

2

| v + 1l = 0, but not of ve +1 = 0.

sentences are eQuivaleht in (a), (v), (c¢), and (f)

y = 12 (d) s = %g
X =20 (e) x=2
t=-1 (£) y=1
11t + 21 = 32
11t = 11

t =1

The truth set is {1}.
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(3-830=%-30

40 - 6y = 15

40 - 15 = 6y

25 = 6y
.2=y

- The truth set is [%?].

(¢) 80} () (-5)

() (o) (n) &

(e) (6} (1) 8

(£) £ | . |

() ¥+ + Y ay+l=y -y +y2 -y +1
2y° + 2y = 0 |
2y(y® + 1) = 0
2=0 ory=0 or y2 +1=0

Since 2 and y2 + 1 c¢an never be 0,

the truth set is (0}.

2
(k) x° + 3x = x - %T
2x° + 6x = 2x + x°

x2 + Ux =0

x(x +4) =0
x=0 or x+4=0
x=0 or x = -4

The truth set is .{0, - 4)
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399 ..
5., Any algebraic simplificzsion is permlssible which
(1) does not change ths domain of the variable,

(2"} replaces & phrase with another"phrase which is a
name for ilze same rumber for all permitted values
of the vartable.

Such simpiificatlcrers include combining terms and .
factoring as in the first two examples. On the

other hand = -
e

equivalent. Thelr domains are not the same.

=4 and x + 2 =4 are not

6. (2) Equivalent: <ombined terms in left member;_
(b) Equivalent; Tactored in left member. e

(¢) Not equivalsmt; O .is a member of the truth set df,iif

3 = 6x, Tzt not of 3x = 6 R

(a) Equivalm“,; edded a real number (~6x) to both -
members.

(e) Equivaleczl; combined terms in both nqmbers.

(f) Equivalent; If x =7y, then y =

(g) Not eqwivzlent; O 1s a member of the truth set of

2
=y + 2, but not of 2= X;_§r§X .

(n) Equivalent. -Applied distributive property and com-'
bined terms in left member. » '
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' Answers to Problem Set 13-1b; pages 383-385:

1.

(a)
(b)
(¢)
(a)
(e)

(£)

(g)
(h)
(1)
(J)
(k)
(£)

(a)

. A real number for A non-zero real number .
every value of the for every value of the
varlable. variable,

yes ' ' no

no no

no no

no : no

yes ’ no

yes yes

yes ' ' no

yes yes

yes yes

yes ’ . yes

no no

no no

In part (J) 1t may appear that there is no vari-

able involved. In certain contexts, however, : ~3
may be considered as an expression In x such as

-3 + Ox. If we have such a variable in mind, it is
certainly true that -3 remains a non-zero real
number no matter what value is assigned to the
variable, '

y—%T=3 and y;é'2

y=3(y~2) and y4#2

y=3y -6 and y £ 2
6 = 2y _ and y £ 2
3=y and Yy £ 2

The truth set is (3]}
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(a)

(e)

Q = X- .

The truth set is {0}

(Since, x2 + 1 is a non-zZero real number for all; jﬁ
-values of x, 1t was not necessary to restrict the -

domain of x.)
1 2

'J-c-+3=-£ and
l+3x =2 and
3x = 1 and

=31
X = 3 and

The truth set is (%J.

1 X -3
oo tx-5=2

1+ (x=3)=2(x - 2)

X -2 =2x -4
2 =X
The truth set is g.

X

- 1 +1_
X+ 1 TxX+ 1
-1 +(x +1) = x

X =X

The truth set is the set of all real numbers except

-1,
[page 38%4]

x#£0
X£0
X£0
x#0

and

and
and

and

and

and

and

x #£2

x #2
x £2
x £2

x # -1
x # -1
x # -1




ko2

2

(£) x(x® +1) =2x° + 2

x(x2 + 1) = 2(x° + 1)

) X =2
The truth set is (2].
(We were permitted tb multiply both members by

‘g“" and be sure cf cktaining an equivalent
X" + 1

sentence because -g—l—- is a non-zero real number
+

for all values of x.)

. D If the rectangle is w
inches wide, then it is
15 - w inches long, and

w(1l5 - w) = 54

15w - w° = 54 | ol

0 =w - 15w + 54

0= (w-9)(w -~ 6) 15-W

W-9=0 or w-6=0

W=29 or w=26 ‘
or If the rectangle 1s w EN w
" inches wide, 1t 1is 5%#- o

inches long, and ’ 54

ew + 2. %# = 30 and w #£ 0O W

2w® + 108 =30w  and w A O

2wl - 30w + 108 = 0 and w #£ O

2(w - 9)(w-6) =0 and w £ O

2=0 or w-9=0 or w-6=0 and w # 0,
The truth set is {6,9)
The rectangle 1s 6 inches wide and 9 inches long.
b ' [page 384]
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5.

403

(Notice that we cannot use the value w = 9 since we
designated w as the width, or the shorter side. The
length, 9 inches, comes from 15 - W in the first
method and %# in the second method.)

If the first integer 1t 1, then

12 (1 + 1)2 + (1 + 2)2 = 61

2 2

12 +1° + 24 +1 + 1 + 41 + 4 =61

312 4 61 - 56 = 0

Since, the left member 1is not factorable over the B
integers, there are no three successive integers the sum
of whose squares 1s. 61, '

If n 1s one of .the numbers, then the other number 1is
8 - n, and \

%~+ 8—%_3 = %- and n#£8, n#o0
3(8 - n) +3n =2n(8 - n)- and n£8, n#o
24 - 3n +3n =16n - on® and n # 8, n#o
en® - 16n + 24 = 0 and n£A8, nfo
n® - 8n+12 =0 and n#£8, n#ZO
(n -6)(n-2) =0 and n£8, n#o
ni-6=0 or n -2 =0 and n #£8, n#o0
n==6 or n =2 and n#£8, n#oO

The truth set is (6,2)
One number is 6 and the other is 8 - 6, or 2,
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If there were g girls, then there were (2600 - g)~boys;

ﬂ)g—_'ﬁ%% - - and g A0
6(2600 - g) = Tg AR g#£0
15600 - 6g = Tg | g 40
15600 = 13g &40
1200 -g g A0

' The truth set is (1200}
Thefe were 1200 girls.

For some purposes 1t 1s convenient to know that if two'
numbers have the ratilo 5, the numbers may be represent"
ed as .ax and bx where x 18 a positive number,'

2 1 en
since E" = § 1f x£0 and b # 0. I..bais problem,

then, we could say: o _ A ,
If there were Tx girls, then there were 6x boys, .
(since, =%, x#£0), and Tx + 6x = 2600. |

This type of problem does not appear frequently enough
in thils course to warrant making much of this technique. *
You may wish to mention it. Coo

3x + 18 =y + 23

is equivalent to

3x + 18 + (-23) = y + 23 + (-23)

% =-5=y o
=3x -5

Hence, the two sets of solution pairs are identical.
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"8, A chaln-of equivalent sentences:

43:-%—-;6

12x - 2y = 18
12x - 18 = 2y
6x - 9

]

| ¥
o y=6x-9

X

9 _ 4
] ﬁ—‘—‘d 5 = E
The sldes are of length 10 and '15.

10, If k quarts of weed klller are used, then 40-k quarts
of water are used.

e - T
There should be 6 quarts of weed-klller.

‘13-2, Equivalent Inequaltfies.
4\ Just as for equatinns, the thing we must look for in establish—
.ing the fact that two 1nequalit1es are equivalent is whether the
\operations we peuform, can be reversed to carry us back from the
;simpler one to the glven one. If they can be reversed, we know
;that the truth set of the original 1nequa11ty is a subset of the
étrubh set of the new.inequality and the truth set of ‘the new one is-
}a subset of the original one. The two truth sets are therefore Qj"
;identical. S .
i age38§ A8 with equations, you may want to poilnt out to your
_students that inequalities may be simplified 1f we know how to. ,
'"undo" some of the indicated operations. Indicated additions can -
be M"undone" by adding the opposite, and indicated multiplications
~can be "undone" by multiplying by the reciprocal.

142 o
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gagg 386. In, Example 1 and Example 2, the truth set of, thet‘
final inequality is the truth set- of the. original inequality b, |
eause only operations yielding equivalent inequalities Were used
lfNo checking 1is necessary. ' ' R

}‘Answers to Problem Set 13-2 pases 387 388
. 1. (a) x +12 <39
x < 27

The truth set 1s the set of all real numbers less than |

27. |
(b) 2x < 36 - x
2 < 36
x < 36- {%—
b 4 <’2l

The truth set is the set of all real numbers less tnanfﬁ
21- » . . . Lo

(¢) The set of all real numbers greater than 2.
(d) The set of all real numbers less than 3,
(e) The set of all real numbers greater than 2.
(f) The set of all real numbers less than 12,
(2) ‘The set of all real numbers. |

(h) @

(1) The set of all real numbers.

2. (a) 1<4x+1 and Ux + 1< 2
0 < 4x and UIx < 1
0 < x and " x < %

The truth set is the det of all real numbers between O

1
and T

[pages 386-387]
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(b) 4t -4 <0 and 1 -3t <O
ht < 4 ' and 1 < 3t
£ <1 . and % <t
The truth set 1s the set of all»reaiv hﬁmbers between =
% and 1. .
(c) ‘The set of all real numb_ers'betweeh - -%‘- and. -212

(d) The set of all real numbers which are either 1é$s

than - %‘- or greatzr than. %

(e) Ix=-11<2

On the number line the distance between x and 1
mast be less than 2. Hence,

l-2<x<<1+2"
-1<x<3

The set of all real numbers between - 1 and 3.

(£) l2t] <1
2 1tl <1

1

I t1 <-§

On the number line the distance between t and the

. origin must be less than %

The set of all real numbers between - %- and %.

(g) Ix+2l< %
Ix - (-2)] < 3

The set of all real numbers between - g- and .« - %

144
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(h) Jy+2]>1
vy - (-2)] > 1

The set of all real naumbers which are either less‘than
-3 or greater than -1,

3.
(a) + Om=0— t + :

-1 Iy I 2 3 o
(c)-————ﬂ————<}-i-+-i-£}— — A - — - |

- - - lT 0o % - | 2 3 | . . |

-1 ‘ . 0 I 2 . ‘

\‘h) :
-4 '3 - -1 0 i

4. (c), (e) and (f) are negative real numbers for every value -
of =x. See the note for Problem 1(j) in Problem Set - 2
13-1b. | B

5¢ 3y ~-x+T7<K0
3y <x -7
y<%(X-7)
When x = 1, 'y<%(1-7)
y<-2
The truth set 1s the set of all real numbers lesé than -2,
3 -X +7<0 |
-Xx< =3y -7
X> 3y +T7
When y = - 2, x> 3(-2) +7
| x> 1 |
[pages 387-388]
145




409

The- truth sét:is the set of all'realgnumbers greater

than 1. ‘ et
- W
If the rectangle is w . 1nches
wide, 1t is =2 inches long,
’ "
since the area 1s 12 square w
inches. Then l% < 5. 8Since,
by the nature of the problem,
w > 0,
12 <5W
12
—— w JERE
5 < <t
The width of the rectangle 1s greater than 2g inches.

5

If n 1is the negative number, then

n < % | and n<O
‘n2 > 1 and n <@
n < =1

The truth set is the set of all real numbers less than --1L.

At this point the students have no formal way of solv—
ing n > 1. They can, however, go back to the method of
makling an intelligent guess and verifying 1+t with the
help of the number line. This is still a useful method
when we do not have a better one. Later in Section 1346
the student may look more closely at solving sentences
such as n2 - 1> 0.
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13-3., Equations Involving Factored Expressions. .

Page'388. If (x - 3)(x +2) =0, then x - 3=0 or x +2 = Obf

If x-3=0 or x+2=0, then (x-3)(x +2) =o0. Again,
the fact that this process is reversible makes 1t possible for us -
to know that - ‘
| (x - 3)(x +2) =
and X=-3=0 or x+2=0
--are equivalent sentences.
If there are several factors, as in abcd 0, then the

equivalent sentence is

=0 or D=0 or ¢ =0 or d=0.
The truth set of (x + 1)(x - 3)(2x + 3)(3x - 2) = 0 is

(-1, 3, - %, %].
Notice what can be said about an equation such és
3x(x + 2)(x - 3) = 0.
. An eduivalent sentence is
3=0 orx=0 or x +2 = b or X - 3 = 0.
Since the truth set of 3 = 0 1s @, the truth set of the gliven
. equation is (0, -2, 3}.

Answers to Problem Set 13-3a; pages 388-389:
1. (a) (a+ 2)(a - 5)

a+2=0 or a=-5=0

i
e

[}
|

a = -2 or a

. PO

The truth set is (-2,5).
() (-3, -1, 2, 0J.
() (% -3 2
147
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2.'_ (é)‘ x2 - x -2 =
- (i‘- 2)(x +.1) =
X-2=0 or x+1=0
x=2 or X =-1
' The truth set is {2, -1}.
(p) {11, - 11} |
(e) (1, -1, -3, -2)
(a) (V3 - v/35, 2 V6, - 2 V/B).
_ (e) {0, '5, -5}
. (£) (- % 3)

- (g) (0,1)
' (h) #
(1) (6,1)

(3) (2+V2, 2 -J'}(See Problen 3 in Problem Set 12-6}

(k) {-3 + /10, -3 - J/10]}. |
%, We guess that 2 is a solution,

x cannot be negatiGé'or zZero.

If x>0 and x < 2

x2 < 2%
? and 2x < 4 R
%‘ from which x& < 4 Dby the transitive prOperﬁyiof f €
| order., If x2 < 2x and x > 0, ) SRR
o x3 < 2x2
and 1f T x®.< b
2x2 < 8
Hence, x3 <f§ : - by the transitive property of ,7

order. This shows that no number less than 2 1s a

solution.

[page 389)
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Similarly no number greater than . 2 is'a. solution
‘Since, 22 = 8; the truth set is {(2}. N :
It should be sufficient if the student argues in--
tultively that 1f x < 2, x> < 8 and 1f ‘
x> 2, x> > 8. ' :

b, | ' <=1
(x*)2 -1 =0
(x2 + 1)(x® - 1) = 0
(x2 + 1)(x + 1)(x.- 1). =0 B
x> +1=0 or x +1=0 or Xx -1=0
’ x=-lor  x=1

The truth set is (-1, 1J}.

5. (x - 1)(x + 1)x
6. (x - 3)(x - 1)(x+1) =0 and |x - 2] < 2
(x-3=0 or x~-1=0 or x+1=0) 'andz
(0 < x <) "
(x =3 or x = 1 or X = -‘l) and (0 < x < U4)

The truth set is- (3, 1}.

- Page 390. There aré times when we are tempted, or even forced,

" to do operations on sentences which will not necessarily give

equivalent sentences. BRI
One of the temptations is to eliminate a factor which we see.’ "
in every term by multiplying by its reciprocal. If the reciprocal .
is not a real number---if 1ts denominator is zero for some X, ?
or if a square root 1s present---this may cause trouble. In the -
example given, the original equation has the truth set
[73 1, -1}, while the equation obtained by eliminating the
factor x2 - 1 has the truth set (7).
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Tﬁzggg_§29, The generalization given is of interest and the
f;students should be encouraged to follow carefully the steps. In
f'practice, however, it is probably best to proceed as was done 1.
. the example above, not Just to apply the conclusion of the

- generalization, :

Answers to Problem Set 13-3b; page 391:

1. (a) x(2x - 5) =Tx
_x(2x -5)-Tx=0
x(2x -5 -7) =0
x(2x - 12) =0
x=20 or 2x - 12 =20
x=0 or X =6

The truth set is [0;6]
(v) (-3,2,-2}
(c) (2,-3)
(a) {2,-2,0}

(e) (5,3} (Notice that each member of the original
equation can be ‘factored.)

2. No. 1 is a member of the truth set of
2
(x - 1)x° = (x - 1)3,
but 1 1is not a member of the truth set of x2 = 3.

Since x - 1 is O when x =1, we would not expect the
two sentences necessarily to be equivdlent. )

3. The truth set of 12 =1 1is (1,-1). ‘
The truth set of (t + 1)t° = (t + 1)1 1s (1,-1).

In Problem 2 the truth set was enlarged by multiplying

by (x - 1). 150
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. In Problem 3 the truth set was not enlarged by multiply- . .
ing by (t + 1) Dbecause (-1), the number which makes . .
t+1 equal to 0, 1s already a member of the truth
set of 2 = ' '

" 13-4, Fractional Equations.

_ Usually in order to simplify a fractional equation we multiply :
r)by an expression that is a product of factors of the denominatorsf;fa
fcin the equation. This expression may not be a non-zero real number ﬂ
and we have been warned that this may not give an equivalent equa-uqﬁ
ﬁca“tion. We .£ind, however, that we can avoid trouble 1f we are care—uf;
“"ful to exclude the values of the varlable which make the multiplier é
. zero; so we must be careful to exclude values of the  variable which ﬁ
.. .make any one of the denominators zero. Thus in SRR
1 1

g s g We require that' X #0 and x # 1.
.. Page “392. - The -sentence -%—;—%'= 0 1s equivalent to the sentence
M +1=0 and x - 2 #0", orto "x.=-1 and x £2". The
truth set of the last sentence, and therefore of the first sentenceﬁﬁ

a
‘l

is  (-1}. |
) The "suitable polynomial" is x(1 - x).

" Page 393. The example which comes out equivalent to "x £ 2
" and x = 2" has g, of course, as its truth set.
In Problem Set 13-4, Problems 10 and 11 are of
" particular interest and importance because they illustrate some“of"“
the unusual things which can happen. They show why it 1is necessary
to keep in mind the domain of the variable.

oeaia s
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" Answers to Problem Set 13-); pages 393-394:
2 _ 2 =
1. (£-2)x=10x and x #£0

2 -3=10x and x #£0

1
-5 = ¥ and x #£0
1
Solution: - 15

Fo2s (5 - 3’5)6 = 106

3%X- 2X = 60
X =60
Soltuion: 60,

= 1
5. (x + E)x =2X and x £ 0

x° + 1 =2x and x #0
x2 - 2x+1=0 and x #O0
(x - l)2 =0 and x #£0

(x ~=1=0 or x~-1=0) and (x # 0)
x =1 and X #0
The truth set is {1}.

b (2,-1}
5. (2)
- b)
6. [-35 |
’ 1 1 . _

Te (F-57=xv(y - 4) =1.y(y -4) and y#£0 andy #4
(v - 4) -y =y° - by and y #0 andy # b
0=y° - by + h: and y £#0 and y # .
O=(y-2)(y-2) andy #0 and y £ 4
y=2 and y £0 and y £ 4

The truth set is [2). 152
[page 393]




416

8. ¢
9- [""l, "'3}
. 10. (x‘_2+ > (x = 2) = 1+(x -2) and x # 2
-2 + X =X -~ 2 and x #£ 2
-2 = -2 , and x #£ 2

The truth set consists of all numbers in the truth set of
-2 = -2 that are not 2, .The truth set of -2 = -2 1is
the set of all real numbers. ' The desired truth set

consists of all real numbers except 2.

1l. (ji?%}fg) (x2 -~ 1)(x + 1)

x(x2 -1l) =0 and x +14#0

0 and x +14#0

x(x - 1)(x +1) =0 and x # -1

(x =0 or x=1 or x =-1) and x #£ -1°
The truth set is (0,1].

12. (0}

13. @

1. {0)
*15. (- —31-}

¥16. {1 + V2, 1 - +/2)} (The method of Problem 3 in Problem -
Set 12-6 1is needed here.)

17. If n 1s the number,
n + % = -2 and n #0
o
n” 4+ 1= -2n n#o.
n®+2n+1=0 ngo
(n+1)% =0 n£0
n = -1 n #0 1553

The number ls -1. : ' -
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18. (a) In one hour press A can do % of the Job.
In one hour press B can do '% of the Job,
In _h hours press A can do % of the job.
In vh hoﬁrs press B can do % of the Job.
| % + % =1

(The 1 represents one whole job, which is equal
to the sum of the fractions of the Job.)

h ., hy _
(34‘5)6—6
2h + 3h = 6
5h = 6
6
The presses A and B can complete the Jjob together: -
in 1 % hours, or 1 ‘hour and 12 -'minutes, - :
(b) If press C takes c¢ hours to do the Job alone,‘
then in one hour press C can do % of the Jjob;
in 2 hours press C can do % of the job;
in 2 hours press A can do % of the Job,
2 2
-3-+'é-—1 andc;éo ‘
C=6

It would take press C 6 hours alone.
(¢) If press A works a hours after B stops, then',Ti
1 1 a _
2+3-+3—
-

Press A takes hour to finish the job.

E.nﬂp OV ISR

[pages 393-394]
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19. (a) A Sbh

2A = bh '
%?—:h and b #£ 0
(b) T = and R #£0

and R # 0

TR

—
Q

~r
=3
I

D
R
D
_D |
R = and T #0, R#ZO
1
P

=h and x +y #0

gS__;-lﬁ=j and n #£ 0O
or §=35(a+/)
gr'1s'=a+/ and n # 0
2 _ = and n #£ O
n
4 1.1 Y.
(¢} S+F=1 and a £0, b #0

(%+%)ab‘=ab and a £0, b #O0

b +a = ab and a #£0, b #£O0
:ji"‘ ) a=ab -Db and a #0, b #0
- a=(a-1)b and a £0,.b £0
: a?l=b and a £0, b#O0, ajf#l.

. [page 394]
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13-5. ‘Squaring. <
If a =b, then a and b are names for the same number.

If that number 1s squared, a2 and b2 are names for the new
number and a2 = b2. Some people like the more formal way of
saying this; if a = b_ then a2 = ab and ab = b2; so a2 =‘b2
by the transitive property of equality.

This does not work in reverse because there are two square

roots of a° and of b2, Thus we could say that (-3)é = (3)2,
but - 3 # 3. ,
Here 1s a chaln of equivalent sentences.
| 22 = p2
2 2 .
a~ -b =90 Addition property of equality
(a - b)(a +b) =0 Factoring
a-b=0 or a+b =0 xy =0 1if and only if
x=0 or y=0
a=b or a=-b " Addition property of equality i

It is apparent that sauafing both sides of an equation usually
does not yleld an equivalent equation. And yet in solving certain
equations involving square roots or absolute values we need to
square both sides. We do so then, bearing carefully in mind th .t
we may expect to find g larger truth set in the new equation. We
must therefore test the members of this truth set to find which

ones really make the original equation true.

1. x° =1 has the truth set {2,-2}, whereas
X =2 has the truth set  ({2].

2. .(x - 1)

12 has the truth set {0,2}, whereas

x -1 = has the truth set {2}.

1
3. (x + 2)2 = 0 has the truth set (-2}, and
X + 2 0 has the same truth set.

[pages 394-395]
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(x - 1)% = 2% hnas the truth set (3,-1}, whereas:
X -1 =2 has the truth set {3}. '

2.

t Problem Set 13%=5b; pages 397-398:

VX =1+x
2x =1 + 2x + x2
0 =1+ x2,.
The truth set is 8.
2. 2X + 1 =x+1

2x + 1 = x° + 2% + 1‘
0 = x2
x =0

If x =0, the left member: v/ 2.0 + L =1
the right member: O + 1 =1
The truth set is ({0]}.

3. ‘Vx+l-—l=x

VX+1l=x+1
X+ 1= x2 + 2X + 1
0 = x2 + X
0 = x(x + 1) f

X=0 or xXx=--1

= 0, the left member: 4O + 1 - 1 =.0

H
P
%
I
i

Tis0

the right member: O

-1

If x = -1, the left member: ~ -1 + 1 -1

" the right member: -1
' fhe truth set is- (0,-1].
157
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"4, Jix -x+3 =0
Jix =x - 3

bx = x° - 6x + 9 e

0 =x° - 10x + O

0=(x-9)(x - 1)
b4 ; 9=0 or x-1=0
XxX=9 or x=1 A
If x =9, the left member: v%:9 - 9 + 3 =0
the right member: O
If x =1, the left member: Vi1 -1+ 3 =14

the right member: O
The truth set is {9].

5. 3JEFB=x+9
9(x +'13) = x2 + 18x + 81
9x + 117 = x° + 18x + 81
0 =x° +9x - 36
0 = (x + 12)(x - 3)
X =-12 or x =23

If x ='-12, the left member: 3 ~/-12 + 13 =3
the right member: -12 + 9 = -3

If x = 3, the left member: 3 +3 + 13 = 12

the right member: 3 4+ 9 = 12
The truth set is (3}.
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or x = 1

',orx,.:l.

) the left members |2'(v-‘:' %‘-) :| = -32- ,

the f;ght mémpeigﬂ—-% +'1,= %ﬁ't
the. left ﬁlember:_' |2-1 | =2 |
| the right mérﬁb'ef: 1+ 1=2
The truth set is : {; %—, 1} .: o
_______ 7. 2x =) x| +1
4x2 -J;Lx+1=.x2 ' e
3x2 -kx +1=0
(3% - 1)(x - 1) = 0
x =—3]= lor x =1 .
If x = 30 the left member: 2-—3- =3
‘ th’e right membér: - |-3]=|+ 1= -;i :
i If x =1, the left member: 2.1=2
: S the right memter:. |1| +‘1 =2 -

The truth set is {1}.

+159
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h23

x = l2x| + 1
x-1= |2x| -

x2 - 2x + 1 = Ix®

"0=3x" 420 -1
0=(3x - 1)(x + 1)
x =_%' or x=-1
If x = %, the left member: % ’
P the right member: |2-%¢ + 1 ='%
If x = -1, the lei't member: -1

the right member: | 2(-1)| +1 =3
The truth set 1s @.

x - | x| =1
x—1=|x|
x° - 2x + 1 = x2
-2x +1 =0
x =%
If x = %, the left member: %-- | %' = Q‘

the right member: - 1
The truth set is' #.
lx - 2| =3 ”
2
X - lx + U4 =9
B x2-4x,:,5 0
5)(x +1) =0

5 or x=-1 7160

.'x,
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If x =5, the left member: |5 -2 | =3
the right member: 3‘ ‘
If x = -1, the left member: I-l -2 | =3

the right member: 3
The truth set is (5,-1].

11. For every real number X, le 2 . x2.
Proof: If x > O, |x| =x
so |x | 2.4
If x<O0, IJ’l = -X
so |x | 2. (-x)2;
but (=x)%= x° (-2)(-b) = ab
- so |x|2 = x°
12, |x-3] =x+2
x2-6x+9=x2+4x+4
5 = 10x
1-x

If x = %"s the left member: l%— |
the right member: —21- + 2 =g

The truth set is [-:-2L-}.

161
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13. If the other iég 1s x i1nches long,

the hypotenuse is -\' / 82 + x° inches
%)

long. (Since (hypotenuse)2 = 8% 4+ x
8% + x° = (8+ x) - 4

- 2
«/64+x2 b 4+ x 8 8 +x

64 + x° = 16 + 8% + x°
‘FN . 48 = 8x . X
6 = x
If x = 6, the left member: a/ 8% + 6° = VBY + 36 =

~/100 = 10 '

thc; right member: (8 + 6) - 4 =14 - 4 = 10

The other leg is 6 inches long.

14, t =\/%_§

2 _2s .
=%
t2g = 28
2
tE-s
2
If t = 6.2 d =
5_ an _g_ 32, 2'_%2= 4/__6_%%_
S =..(6_'245_>_2_..L2 ‘ . a
oI _ %2 e

(3)2.32
S = _T—

s = 625

162
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t2 - 28
g
t2g = 28
28
g:
;E

This, of course, assumes that t > 0, s > 0, g > O.

_ 28 /2s _ 28
g =" _g—_\/_;
, 2

t

_ f2st?
= 28
W2

= t

16. (a) Not equivalent. The numbers x =0, y = -1 satisﬁjﬁz
T the first sentence but not the second. - SRR

(b) Equivalent. For every pair of numbers for which
the first sentence 1s true, the second sentence
- also 1s true since /1 = 1. For every pair of ‘
numbers for which the second sentence is true, the
first sentence is true since, 1f a = b, then
| 32 = b2. v
(¢) Chaln of equivalent sentences:

2 = xy

x2 -Xy =0
x(x -y) =0

x=0 or x-y=0

163

[pages 397-398]




ho7

5'*13 6. Polynomial Inequalities.

The statement about when a product of several non-zero numbers
is positive and when it 1s negative can, of course, be ‘proved by
~using the commutative. and assoclative propertles to group the neg-
ative factors in pairs. The product of each palr of negative
factors 1s positive, and the product of these palirs and all the
positive factors will still be positive. Hence, the whole product
will be negative only when there i1s an odd number of negative
factors. The class should be encocraged by discussion to fill in
these details.,

Page 399. For instance, when x =2, 1t is sufficient to recog-
nize thact (2 + 3) 1s positive, (2 + 2) is positive, (2 -'1)
i1s positive., Hence, the product is positive. Similarly for

X = - %: (- % + 3) 1is positive, (- % + 2) 1is negative,

(- % - 1) 1is negative, Siﬂce, there are two negative factors, the

 product is positive.
Page 399. The truth set of (x + 3)(x +2)(x -1) > O is the set
of all X such that - 3<x< -2 or x> 1.
The truth set of (x +3)(x +2)(x - 1) > 0 1is the set of all

x such that -3 ¢x -2 or X > 1.

Answers to Problem Set 13-6a; page 401:

1. (a) (x - 1)(x +2)>0
+ —

+
r— ‘J\ﬁ e N7 - -
G—(— + t —~¢;7 e
-2 ¢] |
. The set of numbers less than -2 or greater than 1.
() ¥° <1
A ks )
~ i nd
| 0 |

The set of numbers less than 1 and greater than -1.

[pages 399-401]
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(c) t2 +56<6

/\
4 A - 7 ~

— ="
-6 o |
The set of numbers (greater than or equal to -6)
and (less than or equal to 1).
2

(a) x= +2> 3x
’ + - +
Ve N\ N\ P N, e e,
e $ > — G e

The set of numbers (less than or equal to 1) or
(greater than or equal to 2).

(e)- (s +5)(s + 4)(s + 2)(s)(s - 3) <0

- —_— + - +
,_/\ﬂ,_j\q,( s \ - A / ) :( A,
A . S 4 4 n
- o ¥ o -4 *@-, ¥ &
-6 -4 -2 . 0 3

The set of numbers (less than -5) or (greater than
-4 and less than -2) or (greater than 0 and less
than 3).
(£) 2-x°<x
+ ' N +

P . -
/ N/~ —\7 N

mm——()——— } QO >
-2 o I

The set of numbers less than -2 or greater than 1,
2, (x+1)(x-1)>0 andx<3
The graph of (x + 2)(x - 1) > 0 is

+ -
> - I\
la N7

,
— T
| 165
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The graph of X < 3 1s

- ' : L : : ¢

-2 -1 o 1 2 3
The truth set of "(x + 2)(x - 1) > 0 and x> 3" i
the set of all numbers each of which is in both the
above truth sets.

N
H

-2 -1 O 2 3

The set of numbers (less than -2) or (greater than 1
and less than 3).

*3, If (x +2)(x - 1) is positive and x - 3 1s negative
then (x + 2)(x - 1)(x -3) 1s negative; thus, every
solution of the sentence in Problem 2 is a solution of
(x + 2)(x - 1)(x - 3) < 0. This inequality is therefore
a likely candidate, and when we graph its truth set we
get the graph drawn in Problem 2, so that the two sen-
tences are eguivalent. ’

Page 401, If x  1is a solution of (x + 2)2(x - 1) > 0 then

(x + 2)? must not be O and therefore must be positive, belng a

square. Multiplying by the positive number -(——l——yz we obtain
X + 2 o

X - 1> 0. Going backwards we see that, if X - 1> 0, x> 1 and

hence X # -2, so that x + 2 # 0 andso (x + 2)2 must be
positive. Multiplying x - 1 > O by this positive number gives

us (x + 2)2(x - 1) > 0. Hence (x + 2)2(x -1) >0 and
X - 1> 0 are equlvalent sentences.

The truth set of (x + 2)2(x = 1) < 0 1s the set of all
numbers that are not in the truth set of (x + 2)2(x -1) >o0.
The latter set we've Just seen to be all x -such that x > 1.
Thus the truth set of (x + 2)%(x - 1) < O 1is the set of all X
such that x £ 1. .

166
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The product of x and (x - 1)3 ' will be negative if and
only if either x < 0 and (x - 1)3 >0 orx>0 and
(x -1 <o
~ The tilrst clause is equivalent to "x < 0 and x -1 > 0",
. that is, to "x < O end x > 1". Since no number is both less

- than O and greater than 1, thls sentence has no solution. The =~

second clause 1s equivalent to "x > 0 and x - 1 < 0" and this has
its truth set consisting of all X between O and-1. The truth
set of x(x - 1)3 < 0 1s thus the set 0 < x < 1.

The truth set of x(x - 1)3 > 0 will be all the numbers not ~
. in the truth set of x(x - 1)3 < 0. The latter set we have Just
seen to be the set 0 <X <1, The numbers not in this set
consist of all x < O together with all x » 1. Therefore,

"x(x - 1) > 0" 1s equivalent to "x < 0 or x > 1V,

We have used above the fact that where the factor Xx -1
occurs three times there are three factors changing together from
negative to positive as X crosses 1, 8o their product changes
from negative to positive. Some students may enjoy extending this
idea to polynomials with the same factor four or five times, and
then generalizing the situation. |

A factor which 1s a positive real number such as x2 + 2, %

will not change the product from a negative to a positive number
or vice versa. For this reason the truth set of (x2 + 2)(x - 3)
< 0 1s the truth set of X - 3 € 0, that 1s, 2ll X such that
¥ < 3; and the truth set of (x +2)(x - 3) >0 1s the set of

all x such that x > 3.

167
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Answers to Problem Set~‘l3-6b}' page 402 :

1. x2 + 1> 2%

X2 +1-2x>0

(x - 1)2>0
Since a2 > 0 for all real numbers a except zero,
the truth set is the set of all real numbers except 1.

Cr———————————
o 1

2. x°+1<0
The truth set 1s g.
3. (82 4+ 1)t -1) >0

The set of numbers (less than or equal to -1) or
(greater than or equal to 1).

- } S s>
-1 .0 |
i, 4s - 32 S 4
The truth set is g.

5. (x -1)%(x - 2250

The set of all real numbers except 1 and 2.

6. (¥° -7y +6)go0 s
The set of numbers (greater than or equal to 1) and
(1ess than or esqual to 6).

Ca-

i
I )

o 1

& Al _d
T
6

[page 402)
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7.  (x + 2)(x° + 3x + 2) < 0
The set of numbers less than -1, except -2.

-2 -1 0
8. 3y+12¢< y° - 16

The set of numbers (less than or equal to -4) or
(greater than or equal to 7).
«fuunm » — B st
7

-4 0
9. x° +5x > 2k
The set of numbers less than -8 or greater than 3.

“umcn()— —+ — Ol
-8 . : 0 3
10. | x| (x-2)(x+4)<oO
The set of numbers greater than

-4 and less than 2,

except O.
-4 0] 2
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Answers to Review Problems

1. yes, _Q—;—— is a real number for every x.

X+ 1
2. no, =s—=4#1 for x=1 orx=-L.
3. yes, —~§—l—z is a real numbér for every x.
X +
i no X _ .2 = 0 1s not a sentence for x = 3
. ) X - 3 X - 3 - .
5. mno, |x| =2 has the truth set (2, -2} but 2 is
. X+ 2
not a solutlon of +—= = O.
6. yes
7. 8
8. (-3)
9- [3’6}
10, {1,-1}

11. (0,1,2)
12, (-4)
13.

14. @, notice that ;/x + 2 = -2 cannot be true for any
real number since 1t asserts that a positive number is
the same as a negative number,

5. (2}

16. [2,-4}

17. [%}

18. @, notice that 1f x > O,v 1 =0 and if x < O,

X =35 are both contradictions.
19. Every Xx except x = -1l.
20. Every x.
[pages 403-404]
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21.

22‘

(b) The truth set is each x such that x < -2 _or.

(a)  The truth set is ({-2}. .

The graph:

' 4 n 4 'y
T T T

.3 -2 1 o0 1 2 3 &

x> 2.
The graph:
- -3 -2 40 1 Z 3 _
(c) Same as (D)

(d) Same as (b)

V1 +2x<¢x -1
We observe that /1 + 2x 1is defined for x > - % and

that if there is an x such that x - 1 1s greater

" than a non-negative number, then x > 1.

Thus:
JI +2x<x -1 and x> 1
1s equivalent to
14+2x<x>-2x+1 and x > 1
is equivalent to
0< x(x - U4) and x> 1.

We need consider only values of x > 1.

- +
v VN
Ve N 7 s
4 i I } A; Y
|l T L "~ T

"0 I 2 3 & s

Thus, the truth set consists of - very number greater than
4‘

et T

The graph:
0 | 2 3 4 5 6
[page %04)

171



435

The first two sentences are reversible since

(1) If a<b, and a and b are positive
then a2 < b2 ' *
(11) If 0<a<b, then /3 <J/D.
23. (a)
-2 -l 0 | 2 3 4
(v)
-2 -l 0 | 2 3 4q
(¢)
-2 -l 0 | 2 3 4
172
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(a) 3x+6 =8, x =

(b) x(x -3) -3 (x - 3)

s : Suggested Test Items

For each pair of sentences, determine whether the two'i
sentences are equivalent o '

®) $55=0 x-=

STV IRRNY )V

(C) I XI + 1 = 1#, X~ -9 O

For each pair of sentences, determine whether the two
sentences are equivalent.

(a) x(x-3)+3 (x=-3)=0, x=~3=0

0, x -3=0

Find the truth set of each of the followling sentences.
(a) =x(x - 3) w3(x - 3)
(b) =x(x -3) - 3(x - 3)
Find the truth set of +/1 - 2x = x - L.

Solve: A/ x? - 9 = 4

Graph the truth set 6f each of the following sentences,
Describe the truth set.

(a) 8y -3>3y + 7T

0

0

N

(p) | xl< 1-x

Graph the truth set of each of the following compound
sentences. '

(a) x-3<0 and x> 0
(b)) x-3<0 or x> 0

(¢) x-3>0 and x <O :
(a) x-3>0 or x < Ovmfm
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11.

Describe and graph the truth set of

m
m-2 X2
Solve and graph , S
<1
yo -1
Solve and graph
1 <1
xz + 1
Describe and graph the truth. set of

x° +1<¢2x +1

174
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Chapter 14
GRAPHS OF OPEN SENTENCES IN TWO VARIABLES

In this chapter we extend graph'work from the 1line to themj¥¥f )

??plane by~ introducing coordinate axes and assoclating points of. the
plane ‘with ordered pairs of numbers. We draw the graphs of the e
truth sets of sentences in two variables, both equatlons and in—_iN
equalities, ‘wlith especial attention at first to linear expressions. L
We include graphs of open sentences which involve absolute value.
For the better students we give some attention to reflection of

the points of the plane about an axis, and movement of points in
the plane, and the effect of these changes on the equation of thef\
,l graph. 4
Students who have studied the S.M.S.G. 8th Grade Course will
. have some familiarity with the rectangular coordinate system in
. jthe plane and some simple graphs., Most of this chapter, however,
TWill be rew to them. | Co
; The teacher is referred to Studies in Mathematics, Volume III;f‘?
';lpages 6.8—6rl7, for a discussion of open sentences in two variables, -

14.-1, The Real Number Plane.

Page 405. We hope to put enough emphasis on the ordering of the

pairs of numbers, both now and later, so that this,isiperfectly'

natural to the student. That is why we start with one number line,

Page 406. Herc agaln we work on the ordering. The pupil should

be expected to state, for points P, A, B, L, and Q, that the
“‘number written first is the onrc associated with the horilzontal
“number line, and the one written sccond is the one assoclated with-

the vertical line.

The number palr for @ differs from that for P 1in that the
second number for Q 1is negative, whlle the second number for P
is positive. The second number for Q 1s negative because it 1is
measured down from the horizontal number line, while the second
number for P 1s measured up.
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_ The ordered pair associated with E 1s (5,4), with C is
. (-2,-5), with K 1is (0,-5), with D is (3,-6). The ordered
 palr assoclated with H 1is (0,0), with F -is (8,0), and with

G 1s (-4,0). 1If a point lies on the horizontal line, the second
" . number of the ordered palr associated with the point is 0. o

- Pégé>407. Here again,'invpbiﬁting>out the difference in the
ordered pairs of numbers assoclated with S and T -we emphasize
the order. '

Answers to Problem Set 14-la; page 408:

1. A(6,-6) F(4,6) K(-8,%4)
B(-5,-5) a(-3,0) L(7,0)
c(3,-4) H(0,-6) M(O:7)
D(-8,-4) 1(-4,5%)
E(2,3) JtEz)

2. Point out to the pupils the use of Roman numerals in the
numbering of the quadrants. The polnts for which the
second coordinate 1s equal to the first lie in quadrants
I and III. :

S All the points whose
ordinates are -3 1lie
3 units below the

x-axlis, They form a y
straight_line. >
.l. -
x
0 2
5:-3)
- e
-(-53) __.(_.:..'_3) J(0;3) (3-3) (6,-3)
| | 1 {1 |
IR I R

[pages 407-408]
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4, All the points whose abscissas

are % lie on the 1line l%

LA
units to the right of the ! :
y-axis. _ - L
—t2 (%12‘
] il
! .0
112 | X
(%—{.-il-)
}
(3,-3)
i B
Answers to Problem Set 14-1b; pages 409-411:
1. l : '
L !
| 1. H 3
Bl | ;
IREE |
| LS Lo
’ 1 {F ? X
e cjof v2 |l
1 K 1
1
A
J
| 1 |

Figure for Problem 1.

2. G and H are not the same point, because although the
same numbers are used in the coordinates, the order is
different. For the same reason, I and J are not
the same point, nor are K and L.

177
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3. All of the ordered pairs | L y ]
of numbers have the abscissa ;1""_+;::;kz3t“i
2. All of the points for P ~au -
which the abscissa of the T_ ! ~--t*'(i-_+i_~l*~~--
ordered pair is 2 1lie o (z0), %
on the line parallel to . B A_Jum"
the y-axis and 2 units mi«”*-WAm-m_Lm%___
to the right of it.’ it 4L ',‘?L'»f—. —
l2=3)
| 1

Figure for Problem 3.

4., All of the ordered pairs having 5 for their ordinates
' are assoclated with polnts which lie on the line parallel
to the y-axis and 5 units above it.

5. If you could locate all
of the points whose co-
ordinates are palrs of

numbers for which the 1 1y _4143#_
first and second number - %
are the same, you would - "(6.5,6.5) ~
‘have a straight line (5,5)
through the origin. L5
2 (2,2
|
0 X
1! 2 3
(Q;ﬂr_“ -
Lios, 33—t . S
(-Fo.-u
(-6,-6)
1]
(7L -7
METINE R

Figure for Problem 5,
[pages 409-410)
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*6, Each point is moved to a point with the same ordinate,

_ but whose abscissa 1s the opposite of the abscissa of
- -the original point.

(2) (2,1) goes to (-2,1)

%7,
(2)

(2,-1) goes to (-2,-1)

(- 5/2) goes to (3,2)

(-1,-1)goes
(3,0) goes
(-5,0) goes
.(0,2) goes
(0,-2) goes
(¢,-d) goes

~(=c,d) goes

( ¢c,d) goes

to
to
to
to
to
to
to
to

(1,-1)
(-3,0)
(5,0)
(0,2)
(0,-2)
(-c,-d)
(e,d)
(-c,d)

The points nn the y-axis

go to themselves.

(1,1) goes to

(-1,1) goes to

(-2,2) goes to

(0,-3) goes to

(3,0) goes “to

(3,1)
(1,1)
(0,2)
(2,-3)
(5,0)

(b)

(-2,1) goes to (2,1)”w#
(-2,-1) goes to m(2,-1)
(5,2) goes to (- 5,2)
(1,;1). goes to (-1,-1)
(-3,0) goes‘fo (3,0)
(5,0) goes ti (-5,0)
(0,2) goes to (0,2)
(0,-2) goes to (O,-2§§;

1 y
: (023
AN / bl
NEN [1 121
~+~J A .
{2
uﬁg;p 0 ™NIGEO)!
-mn&\ﬁq)e4)un(qﬁ (50) [*
N ]

Figure for Problem 6. .

(-3

N

]
L
—
oo

3.0
0 - N X
(,0) [(30) | (8,0

~2.-3) 2% )
)

Figure for Problem 7.

[pages 410-411]
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(v) ( 1,1) goes to (1,1)
(-3,1) goes to (-1,1)
(~4,2) goes to (-2,2)
(-2,-3) goes to (0,-3)
(1;0) goes to (3,0)

(¢) (c-2,d) goes to (c,d)
(d) (-c-2,d) goes to (=-c,d)

(e) Mo poilnts go to themselves,

14-2, Graphs of Open Sentences With Two Variables.

Here our object is to establish the connectlion between ordered
pairs as assoclated with points in the plane, and ordered palrs as
solutions of open sentences. Agaln the emphasls is on the order,
'2259 411, 1f O dis assigned to vy “and -2 to x,. we have

3(0) - 2(-2) + 6 = 0. This sentence 1s not true.

If O is assigned to x and -2 to y, we have

z(-2) - 2(0) - = 0., This sentence 1s true.
Page 411, As seen above, (0,-2) belongs to the truth set of the
sentence

3y - 2x + 6 =

while (-2,0) does not belong to the truth set
Page 412, If r 1is taken as the first variable, solutlons of

"g = p + 1" include (0,1), (-5,-%), 2—.33) and so on., (-2,-3)
is not a solution but (—3;-2) 1s a solution.

If u is taken as the first variable, solutions of

= 2u®" include (o,o); (2,8), (-1,2), (.5,.5) and so on.

(-1,2) 1s a solution; (2,-1) does not satisfy the sentence.

Solutions of 'y = 4" ag 2 sentence in two variables include:
(0,4), (-3,%), (~.3,%) and so on. 'Lvery ordered palr satisfying
the sentence has ! as 1ts ordinate.

[pages 411-412]
180



Every ordered palr satlsfylng the sentence

-2 as 1lts abscissa.

_Answers to Problem Set 1U4-2a;

1.

(a)

(b)

(c)

(d)

Suggested palrs are given here.

The truth
ordinates

The truth
abscissas

The truth

set 1s the
are 5.

set 1s the
are O,

set 1is the

that the ordlnate 1s

The truth
absclissas

set 1s the
are 3.

page 413:

15

-2"  has

set of all ordered pairs whose

set of all ordered palrs whose

seﬁ of all ordered pairs such
-3 times the abscissa.

set of all ordered pairs whose

Have each pupll check

his choilces of solution by verifylng to see that they
satisfy the open sentences:

(a)

(0,-2),
(-2,0),
(-3,10),
(-1,1),

1,2),
0,3),
»=3)s

(
(
(-2
(-5,-5),

(Eiu)J (“EJ“B)’
(0,2), (£,4),
(0,1), (3,10),
(OJO)J (EJE)’
(‘21‘5)
(-5,4)
(3,8)
(4,3)

131
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4, (a) . (b)
y (n,—AVJL y .
L
A (Zl3) {3l
[4 .
0 2 X
ri y. 2 (ch'L
Wi=47 i
o
{-2,0) i 2 X
159
.3 .8) Figure for Problem 4(h).
1

Figure for Problem k4(a).

(c) (a)
y
- ) (310
y
J4 | 22
(-1 1)
T (g.8)
b lesi. ) {0,0] X
[A} K T
2
9, [
ol 1 2 X Figure for Problem 4(d).

Figure for Problem 4(c).
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In doing these, and ih the class discussion of them, the pupils
will soon note that the points in (a) seem to 1lie on a straight
line as do those in (b), while neither those in (c) nor those in
(d) lie on a single straight line. Encourage the pupils to question
this - they will find answers-further on in the chapter.

Page Mik.fx | -9 | -6 | -3 0 3 5 16%

vy | -8 |-6 | -4 |- 0 15 9

Trie s v o

Examination of the graph will show the student .' .c¢ all of
the points associated with the ordered pairs indicated in the téble
do seem to lie on the line.

The coordinates of point A do satisfy the equation, since

2(6) - 3(2) -6 =0
1s a true sentence
The general form of the linear equation in two variables

Ax + By + C =20

should be stressed, and referred to often, so that the pupils will
instantly recognize such equations and will automatically assoclate
them with straight lines. Since the students have not studied
geometry formally, we would not expect them to understand a geo-
metric definition of a line. However, thelr experience with draw-
ing graphs of equations of the form Ax -+ By + C = 0 suggests
that we take as our defintion:

A line 1s a set of polnts whose coordinates

satisfy an equation of the form

Ax + By + C =0,
with not both A and B =zero.

In general, every grarh (set of points in the plane), even
"the empty graph, is associated with an open sentence, and conver-
sely. '

183
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Notice that we have used "straight line" and "1ine" inter-
changeably. Hereafter, we shall prefer the less redundant "line", -
Be sure that the students understand that lines are "straight" by
our mathematical definition, and that "curved line" is a contra-
diction 1in terms. '

Answers to Problem Set 14-2b; pages 416-417.

The teacher should be sure to insist in all of the exercises
which follow that lines be drawn as long as“poss;ble within the
area of the graph. From the outset the tendency to draw only seg-
ments should be discouraged, unless limitations are included in
the open sentences. '

1. All the polnts whose
ordinates are -3 are
on a line parallel to 0
the horizontal axlis and
3 units below 1t.

+— N

LA~
»

y3-3

Figure for Problem 1.

2. The equation whose graph
. is the;horizontal axis
is "y = 0". The equa- Y
tion whose graph 1s the (o) iyzS
vertical axis is "x = O".

n

(diixE=¢

A
T

of{chxF O

Figure for Problem 2.

, wfpages 116-417]
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3.. Line (a) 1includes all
e possible points. sucn
that each has 1its
abscissa equal to the
opposite of the ordinate, N
Tine (b) includes
those points such that
each has ordinate twice
the abscissa,
Line (c¢) includes the . ° N\

(b

o~
=]

~—
Lo

S
~

- Y

P

)
o5

AN\

points such that each has % B
ordinate that is the ) l TN \f
opposite of twice the Figure for Problem 3.
abscissa. '

All of these graphs are

lines, and all pass through

the origin. Thelr equations

are:
-X
2x
-2X

I

(a) ¥
(v) ¥
(¢) ¥
4,  All of the graphs are
'lines through the origin.
The graph of (a) rises
as 1t goes from left to
right, while the graph of
(d) descends. The same 20\
patterh applies to the —T e
graphs of (b) and (e), P 3
and also to the graphs P
of (c) and (f). I
!
/]
I !

T { ;
Figure for Problem 4.

i

—
i Y

XV

e r=l—

S (b)y:s,! <

‘|=%i

QL
—

<"

L A—T 11

[page 417]
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SRR R R/ A S P
5. The graph of (a) | i ] i | ; I:ﬂ[ /) Y/ % L
differs from the _ . L/ L {/ |
: L A B
graph of (b) in - — ; & Sé;Zijz iﬁd/ 4///
i ! " + A N |
the fact that 1t .: D 7/ N7 4_//
cuts the y-axis _ L /i \-\* \_\:F“/‘é\ﬁ"jjﬂ
at a point 8 | ' Pl |
units .above the — ,»:;,
point where the p= V%
graph of (b) ] :i ~ f /
cuts it. The . \4/”4
h of (c) ~~— O] || 4 X
graph of (c 7 —y
cuts the y-axis LT 4,
at a point 10 ‘ ST R
<
units above the / : 2
point where the — 7 7 —
graph of (d) Figure for Problem 5.

cuts 1it. The graph of (e) not only cuts the y-axls at
a different point than the polnt where the graph of (£)
cuts it, but also the graph of (e) rises while the
graph of (f) descends. _

The graphs of (a) and (b) appear to be a pair of
parallel lines. The graphs of (¢c) and (d) also appear
to be parallel, but the graphs of (e) and (f) are not.

Page 418. Upon attempting to locate points such as (-2,5),
(-1,2), (0,2), (1,4%), (2,8), and (3,10), the pupils will
soon note that the points are not all,oﬁ orie 1line, but that they
all 1lie above the line which 1s the'graph of the.open sentence
"y = 3x", since along the y-axis "greater than" means "above'.
The open sentence whosé'graph is the set of.points for which the
ordinate 1s greater than 3 times the abscissa is "y > 3x".

4
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Answers to Problem Set 14-2c; pages 420-422:

1. The open sentence whose
truth set 1s the set of

y LU
ordered palrs for which +F
‘the ordinate is two 5
greater than the absclssa +

is "y=x + 2", The )
graph of the set dﬁ
- points. associated wlﬁﬁ
this set of ordered pairs
is the line shown in the
figure. . .
It is not'possible to draw the graphs.of both of the
sentences "y > x +-2" and "y > x + 2", because in the
first one the line whose equation is "y =x + 2" 1is
dotted, and in the second one it 1ls a solid line.

Figure for Problem 1.

AN N o
%V N
y s y 2
\ A
m ¥y
QI % .
N ¥ < . \\ 44,- =
4" v i
§) 2 X 0 2 A
. .
S ¥
Figure for:=Problem 1(a). Figure for Problem 1(b). -
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2. In the sentence "y = |x|",
since x 1s positive for o
all values of x, it £, y
follows that y 1s never Y
negative. The soiutlons
for which the abscilssas

T N

are given are:

("3}3)} (—1}1)}(1%}1%)}
(2,2), (4,¥).

3. (a) ¥
b4 -3 -1 0 2 5

Figure for Problem 2.
2x

|

y| -6 {-2 o410

(b) ¥y =3x

b4 -2 -1 0 2 3

y | -6 -3.10 619 y / 5/
of ¥
(¢) ¥y = %-x } Y/ 1o
N L0 b
x| -4 ]-1]0]21]5 3 234
1 1 8/ e
vyi-2|-510]2 |2 2 e
1 N N =y . \= /
(d) y=-73x ///o\’ Gt X
Z] &
x| -9 |-60]|3]|6 / 5 ?\\
v 3 2 {0 |-1 |-2 / v
o
717

(e) y=x
- x| -8 |- 10 |3} 7

Figure for Problem 3.

y|-81{|-%]10]3]7
(£) y = -x ’

x| -7 |-5 1013 4
71 5 1o |-3 |-

q

The graphs of all of these open sentences are lines
through the origin.
[page 420]
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x |-6]-4]o0o|4%| 8
vy |-9]1-6}|01]6]12 A £
yay.ani
(b) ¥ ='% x -3 - v ;?(o /
a I
x | -4 |-2]0}]2]4 ,7)f'3§¥ dbfgﬁ/ﬁ
JaX SAAR
y |-9|-6[-3]0]3 Y AT
NV 1T Ve Vo7V AY
(o) y=%x-6 R A ../\UJ
x “2 “1 O u’ 10 r ! x
1 JAvay £
y | -9 |-T5 -6 009
3 r~ 4 / 4
(d) y==x+3 /] /
2 VIiVIV
x -6 -2 0 L 6 /
rix
y | -6 01 3] 9{12 Figure for Problem k4,
() y=3x+6
x |-8|-6]o0] 1] 2
y | -61] -3 6 7% 9

The graphs of all of these are lines parallel to each

other.
5.
| y oy
. 2y
= o ’ F s
L] -
0 3 T X o 2 |tk
L/{TT\’ A ¢'\‘<'_\1'\|7\5\ NS
g = -(\‘S NS %‘\E\\\ N b‘\\\\\‘
SRR
) ~\\\\\‘4\\\\\\\ ‘R. N NN
Figure for Problem 5(a). - Figure for Problem 5(b).
(a) 2x - 7y = 14 (b) 2x - 7y > 14
y = gx -2 ¥y < $x -2
[page 421]
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AN NS

Y N y
2 .’-‘.‘\4 >
! 21-1 ' PR L
\\ » ’ Z*d - /'<

0 2\ X 0 2 N X |

r T : <.- NY '7‘n
I' ) . ’ __< 2%— {
] ‘ N N N ™ N

Figure for Problem 5(c). Tigure for Problem 5(d).

£
LN
(¢) 2x - Ty < 14 ‘2t 2x - Ty > 14
2 2
Y>7x-—2 y_<_—7-x—2

_ In parts (b), (c), and (d), to get the y-form we
review the work done in 13-2 on finding the truth sets of 1nequal-
ities. Have the pupil recall the steps lnvolved:

2x - Ty > 14

- 7y > 14 - 2x (addition property of order)

(

- Ty > -2x + 14 (commutative property of additlon)
Ay

y < % x - 2 (multiplication property of order)

199
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‘would be in- order. The /
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(a) 5x - 2y = 10

y=%x-5 \y

(b)'2x+5y=1o

2
_ e =
5x + 2

S

(C) 5 + ¥y = 10 ' ”/ 1//

-5x + 10 W o
—~ ./

(‘3) 3% - Ll*y =6 . N

-3

In finding points for -

(d), some class discuss- / |
ion on convenlent re-

=
Lt

<
|

it

¥

\NIEEL
A
/
>

placements for x

'\\
B M

\

point (2,0) seems to i X

lie on the graphs of (a),

(c), and (d). We verify

that those coordlnates

satisfy ine open sen-

tences as follows:

(a} 5(2) - 2(0) = 10 is
a true sentence

Figure for Problem 6.

(¢) 5(2) + 0 =10 1is
a true sentence
(d) 3(2) - 4(0) =6 1is

a true sentence.

191
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7. (a) 2x - 3y =10
y=5x-3 || N L L
NEAT| | A0
Here it would be a help 2> 3% N
to the pupil to point . L @ﬁt///
out that if he can find //KTP.“\E(/W_M X
one Integral replace- 1Tty TN T TTUTrr
ment for X which pro- ';'”'/(f/""“"§\<§,;- B
duces an integral value j///- kx@g’
for y, then he can [ SO N I ) OO A ot
find as many others as —1- "“\s‘““
he wishes by adding to I .n“_\\,n"
the first value of X N
multiples of the denom- S s R Sk JRRS S I B »-m~¢:><:‘
inator of the fraction T 711111 VT
which is the coefficient “k"fii:,:“f';%;;afé?f”",Qf'
of x, For example: A o5 %
x | =4 | -1 2 8 T@y"‘ T
N /» . S R
y -6 ] -2 2 _ // P NN N S S
(b) -x + 2y =-% /,///
g = %x + % ?1gure for Problem T.

Here it is apparent upon inspection that there are no in-
tegral values x which produce integral values for ¥.
So we make the best of it:

x | -4 0 3 6
AEIBEIE
(¢) 3w+ 2v =5 (4) %-x --% y = 12

v =-%x +.g y = %x - 18
x {-3|1]51}7 x 4 12 16 |0
v 7T11]|-51-8 vy |-15 -9 -5 |-18

4
[page 421]
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8. (a)
x|-3 -2 |-vZ|-1|-5|olz|r V2|2]|s3
vl 9| & 2 [ 1l $ o |F|rj2]4]o
(o)
1 1
x|-3|-2 |-vV2|-1|-5 |0 |[5]|2 J2 | 2|3
Y I I I I O o e - el
(c)
x|-3 -2 | -2|-F]o|3|1]2 253
vl | s 2 1% 1| |25 7 | 10
(a) - .
xl-v [-2 | -1 |-2[-#| o (g3 | 2|2}|*
1 1 o no 171
yi-1 |7 -1 | -2 |-k value hle 15|
Note thqf we approx}mate~f§' by 1.4 when drawing graphs.
L1y
\ e 1Y
< =<
\ - 3
y/ N
G - S
LN ] TINUK
] ' EEERE -
4N & | |x — 0 2 1 3 |
/ \ %, -
o+~ N
AN B2
/ L\ .
| \ T3
| \ [ |
! i
i Figure for Problem 8(d).
Figure for Problem &,
(a) -~ (e).
[page 421]
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The graphs of these sentences are not lines, but curves. The
open sentences for the flrst three differ from those consider-
ed in previous problems in this chapter in the fact that in
each of them the x 1s squared. In the open sentence for
(d), ¥y equals, not a multiple of x, but 1ts reclprocal.
So we cannot say that the graph of every open sentence 1s a

. line. There is no harm in telling the puplils that the first
“three graphs are called parabolas, whlle the fourth is a
hyperbola. These will be met again later on.

*g, The object of this problem is to make the pupll aware
that a given point may be associated with many different
ordered pairs, depending upon the location of the axes.

(a) Point (x,¥) (a,b)

P (-4,2) (-8,-1)
Q (-5,6) (-9,3)
R (11,8) (7,5)
S (-8,-2) (-12,-5)
T (8,1) (4,-2)
U (2,2) (-2,-1)
v (3,-4) (~1,-7)
W (12,-2) (8,-5)

The brighe student may qulckly discover that for each
point "a =x - 4" and " =y - 3", He should be en-
couraged to use these facts as a check on his results.
If in doing part (b) he uses these facts, then he
should check each ordered palr by locating the polnt on
the figure for this problem.

194
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(b) (x,¥) {a,b)
(5,=5) (1,-8)
(~3,-4) (~7,-7)
(-1,0) (-5,-3)
(3,5) (-1,2)

14-3, Slopes and Intercepts.

The students need to draw careful graphs of (a) through (J)

and find the equation of each of these graphs ln preparation for
Problem Set 1l4-3a.

(a)|x |-6 |-3 |-25 |o |3 |5.1]6

y | -6 |-3 -2% ol3]|s51]6

When the successive points are connected, they lie on one
line. There are no points in the tablé which do not l1lie on
the line through (-6,-6) and (6,6). The point (8,8) is on
the 1line, but not on the part of it between (-6,-6) and
(6,6). The open sentence which describes this graph for all
points in the plane 1s "y = x". The line divides:the angles
formed by the axes into two equal parts.

()| x | -6 |-5.1 | -4.3 | 0| 2.5] 4| 6.1
v |1 671 52| #.3]|o0]|-2.5]|-4]-6.

It would, of course be easy to determine palrs which fulfill
the condition without making the table. One line passes
through all of the<p61nts. The 6pen sentence which describes
this l1line is "y = -x". It differs from the open sentence in
{a) because here we associate y with the opposite of x. - - " -
The pupils might note that fhis line divides into two egual
parts the other palr df angles formed by the axes.

[pages U422,423]
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NV PATRVAV

(¢) y=2x » 2 -
(d) y = 6x d \ \ j / —
(e) ¥y =3x N iy B
(f) y = -6x -+ e N S — = X
(g) Y - -3){ .-‘—“ "___‘.—-—"“ P~ . ‘\ . y=0
(h) vy = %x ) \ (i R
(1) v = -5 JATR ALY N

1 ) } i ' .
(J) v=xx g ;

3 (T
(k) y = - %x / \n(d) \!

Figure 1.

Answers to Problem Set 14-3a; page U425:

1. The coefficients of x 1n the open- sentences fof which
' the lines 1lle between the graphs of "y = x" and "x = O"
are 2, 6, and 3. We observe that all of these numbersiJ%“‘

are greater than 1.

2. The coefficients of x in the open sentences for which
1.

the lines 1lie between the graphs of "y = 0" and "y = x"

are % and %. These coefficlents are greater than O

but less than 1l.

3. The coefficients of x 1n the open sentences for which
the lines 1lie between the graphs of "y = 0" and "y = —x

are - L and -~ %. These coefficients are less than 0

2
but greater than -1. ’
b, The coefficients of x 1in the open sentences for which

the 1lines 1lie between the graphs of "y = -x" and "x = 0"

are -6 and -3. These coefficlents are less than -1,
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The graph of "y = .01x" 1lles between the graphs of
"y = 0" and "y = x".

The graph of "y = -100x" 1lies between the graphs of
"y = -x" and "x = 0".

The graph of "y = -56x" lies between the graphs of

= 0o". '

>

"y = -x" and
The graph of = - gx" lies between the graphs of

X
¥

y = -x" and "y = 0".
¥

The graph of = %%" lies between the graphs of "y = x"

and "y = 0", ‘
The graph of "y = - %%5" lies between the graphs of

y = -x" and "x = 0".

There are mény lines through the origin. Where a line
containing the origin lies with respect to the axes de-
pends upon the coefficlent of x 1n its open sentence.
When the coefficient of x 1s positive, the line lies in
quadrants I and III. When the coefficient of x 1s
negative, the line lies in quadrants II and IV. When
the absolute value of the coefficient is less than 1,
the line 1lles between "y = -x" and "y = 0", or be-
tween "y = x" and "y = 0". When the absolute value
of the coefficient 1s greater than 1, and line lies
petween "y = -x" and "x = 0" or between "y = x"

and "x = 0O".

Graphs of equations of the form "y = kx", where k 1is
a real number are lines through the origin. When k 1s
positive, the graph lies in quadrants I and IiI.

When k 1s negative, the graph lies in quadrants II
and IV. When k 1s between 0 and 1, the graph lies
between the graphs of "y =x" and "y = 0". When

k > 1, the graph lies between the graphs of "y = x"
and "x = 0". When k < -1, the graph lies between the

y = -x" and "x = 0". VWhen |k| > 1, the

lly = xll and "x - Oll’

graphs of
graph lies between the graphs of
[page 425]

197



1462
or between the graphs of "y = -x" and "x = o". When
Ikl < 1, the graph lies between the graphs of "y = O"
and "y =x", or "y =-x" and "y = 0". Vhen k is
0, the graph is the x-axis. ' ’
Page 426. To find the ordinates of points for the third open sen-

“tence, "y = % x -« 3", we subtract 3 from the ordinate of each

]

point in the graph of the first. The coordinates of the points at”m;
which lines (a), (b), and (c¢) intersect the vertical axis are
(0,0),(0,4) and (0,-3) respectively. The ordinate of each pair

is the same number as that added to the term "%-x" in the
corresponding open sentence.

Page 426. The graph of "y = %-x + 4" could be obtained by moving-

the graph of "y = %x" up 4 units.

n 2

The graph of "y = 3% - 3"  could be obtained by moving the

graph of "y = %x" down 3 units. '

The open sentences are: . ’ ' L A
2 , ) v
= - 6 1
vezE® y *_,%
-
y=§-x-6 B /l
Ve

Their graphs are shown in Figure 27
The slope is negative when

the line descends in going from x| |
‘left to right. The slope is O
when the liné is parallel to the
x-axis. The line "x = 2" does T A
not have a slope, because we can- ‘ h
not write "x = 2" in y-form.
Thus, every non-vertical line has P
a slope, and only vertical lines Flgure 2,
“do not.have slopes. o e

-+

(o]
0
\N

193
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Page 428 . If we use as the first number in the numerator and de-
nominator the ordinate and abscissa, respectilvely, of the point

\2,2), the ratio 1is: %—E—%, or %. Thus we get the same value for

the ratlo regardless of which ordered palr we use first.
The slope of the line which contains the points (6,5) and

(-2,-3) s %—E—%E%} or 1. The slope of the line which contalns

the points (2,7) and (7,3) 1is %—5;% or - %.

Page 430. Ve have, essentially, a choice between two possible
definitions of the slope of a line: the coefficlent of x 1in the
y-form of the line; the ratio of the vertical change to the hori-
zontal change from one point to another on the (non-vertical) line.
In a course in analytic geometry, in which a line 1s given a geo-
metric meaning, the second of these would be taken as a definition
and the first proved as a theorem. Here we have tacltly defined &
line in terms of its equatlion, and 1t is natural to take the first
as a definition and prove the second. Your better students will
prefer to replace the wording of Theorem 14-3 by the more preclse
symbolism: If (a,b) and (c,d) are distinect points on a non-
vertical line L, then the slope of L is

b - d
a - ¢

Answers to Problem Set 14-3b; pages 430-431:

' o - (=3) _ -2 -11 _ =13 _ L
1. (a) =7y - % (e) -1 -F -5 = _52
(b) 2 = 7 = %3 =0 (f) 0 —2 = %? - no slope
16 =T _1 2 -0 _-2_1
(¢) Fm="12-12 _(g) 6 -0 =6 3
10 - (-12) _22 _
() g =TI~ "2

' - I
.(h) B;__JZ 4

[pages 428-431])
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_ Page 432. The equation of a line parallel to the line in Figure
10 of the text, but which contains the point (0,6) is
"y=-ix+6".' ’

3

~ Answers to Problem Set 14-3c; page U433:

1. y = % x + 6
2. y = % X - 12
5. -3
2
ll-. "'3"
5. y=-2Xx-3
6. Slope is: l%—f—%v% % ; equation is: "y = %-x - 3"
” check: 11 = %-(4) -3
=L
,4 T2 (2)47 >

7. Slope 1is: g ~ %:g%»= ig = 1; equatlion appears to be

vy = x" but (5,6) and (-5,-%) are not on this line.
There 1s no line satisfying these conditions.

Page 433.. If the slope of the line had been %, we would have

chosen points with respect to (0,6) by counting three units to
the right and two units up, or three units to the left and two’
units down. Another point would be six units to the right and
four units up, and so on,
- Recall to the students that vertical lines have no slope,
“and such' lines have equations "x %'k", where k 1s a number.
Thus, the equation of the line- containing (-3,4) which has no
slope is =x = -3, ’ :

_ 2 O
[pages 432-433]
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Answers to Problem Set 14-3d; pages U435-439:

1. (a) Since the y-inter-
cept appears to be

“ (0,2), on the graph, 1 yi A
T the equation of the 0 ’ A
. line is: i q{,g} %
y = %x + 2 */;// j
e 0 2 X
(b) The line contain-. A
ing (-6,-3) which ZRidid
has no slope has )
equation: 7
< - 6 Figure for Problem 1.

2. Call attention to the
distinction between the y
slopes of (c¢) and (e). ()
For (c) the slope is . OJ
and the equation 1s
"y = 4", For (e)
there is no slope, since -
the denominator of the

\

/
-3,9

\ ¥

-+ N

fraction form of the : 7 0
slope is 3 - 2% or O, /
. X . ,/-, - o P e - e Y ISV DU

4.
)

HS-
2

o

a4
vivd

f
Figure for Problem 2.

201
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3. The slope of the line containing (1,-1) and (3,3) is

2_(_&)_ or 2

51

The slope of the line containing (1,-1) and (-3,-4) is
:3 :l =) or 2

Hence, the point (-3,-9) 1is on the 1line containing
(1,-1) and (3,3).

by, (a) All of the lines pass through the origin, or have
the point (0,0) in common.

(b) A1l of the lines have the same slope, p

2l
(¢) All of the lines have the same y-intercept number,
-3,
(d) The lines have the same slope, - L, Moreover, the

2

two whose open sentences are " %R +y =3" and

"2x + 4y = 12" have the same y-intercept number,
hence, they are the same line, and are parallel to
the first one,

» y
\ .
3 ~N
_4'*? T <] -
Yo |
-~ \ cyt
[4
} —
N (X
0 2 5; N
Tl
9

Figure for Problem h(qd).

202
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5. (a) 3x + 4y = 12 (b) 2x -3y =6 . . R
2
y = - %x + 3 y = 3x - 2

The y-intercept numper of (a) 1s 3
The y-intercept number of
(b) 1is -2. The slope of

the first line is - 2. The y
CN
slope of the second line is R
'g' . A ’ ." 4“9//
: E A NG 4
AERANREY
’ 2 A <
0 // b,
‘\\\
/)
W
Figure for Problem 5.
6. (a) y=2x -7
(b) y=2x-3
N y /
4 N
() y=-3x+4 ;]
NEEEK
1 ’
d ==X - 2 2] N\ X >
ez TNz
The graphs of these are 5 2 3 X
lines, because each z i/r E%&
open sentence 1s of the NEYS r NCAL
form §£ ) / Al
Ax + By + C =0 A
Yy /r \\
: % N
‘ \
/ .

Figure~for-Problema6.-;w»;4#

203
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[ro

X (d) y=-Tx -5

i

7. (a) vy =

W

mx 4 b

i

(b) ¥y =2x -2 (e) ¥

N L

(e¢) 'y = -2x + 3 h ‘ |
The equation of every straight line can be put in the
form Ax + By + C = 0. Every one of these can be put
into the form y = mx + b except those where B = 0.
Neither the y-axis nor any lines parallel'to it can
be put in the form y = mx + b. The equation of the
x-axis "y = 0" is of this form, in which m and b
are both O.

L - 0
5-0

The equation is "y = %x".

8. The slope is or %. The y-intercept is (0,0).

9. Since the y-intercept number is '7, the line contains

the point"ﬂ0,7). Since it also contains the point

3 - 1
(6,8), its slope could be written as 6—:—% or z.

The equation of the line is "y = %x + 7",
10. The slope is 3-§ :32 or -l1. The slope of the line
containing (-3,2) and (x,y) is £ 2_3 . The. slope

of the line containing (3,-4) and (x,y) is XE:IL%EI .

- 2
Since -1 and ¥—:_C:3) are nanes for the same numbe?,

EzflrégT = -1, provided x # - 3
Then y - 2 = (-1)(x + 3), by multiplying both sides by
"(x + 3)", with the restriction that x # -3. Then
, , k1 o
2: 0 4 e
[pages 436-437]




k69 -

Since -1 and x—i_é:%l are names for the same number

1;—_@'—%)- = - 1, provided X £ 3.
Then y + 4 = (-1)(x - 3),

y=-X-'1.

11, (a) Slope 1s -(75—§—:-% or %—, and th. Cee pb

number is 3, so the equation is "y = Ly & 3",

‘ 5
- (b) Slope 1is = _'58 or %g , and y-intercept number
is -4, so the equation is "y = -:-Lsg-x -y,
(¢) Slope is "33"_ =2) or g-, and the y-intercept
number 1s -2, so the equation is "y = 2x -2",

3

(a) Slope is é.%.é:%l or - %, -and the y-intercept
] 8

number is 6, so the equation is "y = - X+ 6"

(e) Two expressions for the slope are

% and BQ::(?:—}—)-=-%, 1P x £ - 3.
1

Then x:—3=-3"
an y-3=-%-(><+3)-

(f) TwS expressions for the slope are

% and —:,;—_l(—f?%- =0, if x # -3

then, % = 0,

andy-3=00

205
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(g)

(n)

12.

.2 2 o
The slope 1s o123 or . Bub 7z 1s not a .

0

number. Hence, the line has no slope. The only
lines that have ro slope are veriical lines. The
vertical line through the point (-3,3) has the
equation "x + 3 = 0",

qu expressions for the slope are
-2 2 - 1 _ 1
%—.——Ir and 'n—'—-(——‘)'_ -3 }-— 7‘, - if X # 4.

Then,

N y
N
\\H
N 9
I\ WOV
\\n \‘;' \Q\ 4
N A
) \\ \\/
oI X
7 \\ \@
/r// \ f\ ] &
A NeNH,
SHNE
/ NE N
NS
12,

Figure fﬂr Problem

200
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*13, (a) 2w + 2(w + 3). This is a linear expresslon in w,
since by using the distributive and assoclative
properties it becomes "lUw + 6".

(b) w(w +3), of w2 4+ 3W. This 1s not a linear ex-
pression in w.

*14, (a) w d. This expression is linear in d. If the
diameter is doubled, the cirrimference is doubled;

if the diameter is halved. “1rcumference 1s
halved. The ration % L et vo M 3 this ratio

does not change when d 1is cuanged.
(b) %7 d°. (If the student is not familiar with

this, develop it as a combination of %the two

2n

familiar relations, "area is ™ r and "d is

2r," or "r 1is % d"). This expression is not

linear in d, but it is linear in d°. If A 1s
A _ 1 . A L o4

the arga, I=T ﬁ d; E?— =7 « The value

of '% changes when the value of d is changed;

the value of —%— does not change when d 1s
d

changed.
¥15, (a) The ciréumference of a circle varies directly as

the diameter. The constant of variation is ¥ .
The area of the circle does not vary directly as
the diameter, but it does vary directly as the
square of the diameter. The constant of variation
is -% Yo,

(b) In terms of the graph of a linear expression, the
constant of variation indicates the slope of the

line.
207
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(¢) If the constant of varlation is negative, the value -
of the expression decreases as the value of the
varlable increases.

(d) The expression would have the form "k X",

%16, The distance in miles would be "k t", This is a linear
expression in t. The distance varies directly as the:
time, The constant of variation is the speed in miles
per hour. If the automobile has traveled 25 miles at

the end of 20 mir'  (u ch is % of an hour) e
find the constant o. variation, k as follows:
1
k (30 = 25
k =175
*17- I{ y y l
\
P yxt YT ¥
L) ¥ X e
} ] -+ -
0 2 X - o 2 X
|23 2
] X
b i A
Figure for Problem 177a). Figure for Problem 17(a).
y
AVE ' [+
7 ?’f [
et )
\,l.'-_f;"t_«,_-_

Figure o Problem 17(a).

fruses 438-439]
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{

(b) If the variable x 1is iveﬁ increasing positive
values, the values of =T decrease. If k 1is

X

negative, then for increasing positive values of x

k

the values of % ircrease.

18. (a) %?, where w > O Wi \

(p) This is inverse o)
T \ 28 .
variation, and the {a'aw
constant of vari-
ation 1s 25.

[

Py
T

.Figure for Problem 18.

Points used include:

w l% 2

g | 20 12%

*14.L4, Graphs of Open Sentences .lavolviag Integers Only.

This section 1is included benamse it 1s hoped the student will

realize that open sentences
numbers as possible members
the corresponding situatlon
Page 441, Each ordinate 1is
Hence, we get ordered pairs

do nni necessarily include all resl

of 4-z2i *vuth sets, and will recogmize
so “ar as the graphs are concerned.
one-uiiiwi the corresponding absclss:.
of sntezers only for abscissas whilch '

are multiples of 3. 1 and 2 awe nnt multiples of 3, so they

cannot be absclssas,

{

[pages 432,dir]
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" Answers to Problem Set 14-4;  pages 444-U44T: Friete
1. (a) (v) y
: y : -~
i B
{ 1 2 > T &
< *— T 4 Y o)
} *——— ey
X 0 - X
2
0 r's ‘.Lﬁ Q &_
L & - e
—— L‘t\( - N ; 0‘
. t 0‘\0 <% .
qé ‘e \c\e \e . . "—
’ !

Figure for Problem 1(a). Figure_for Prob1em'1(b).

f

(c)
‘ y 3
k] L
i |
n:.r *Q\
»
> T.
i ! N
0 2 x
| :
e —
{ I i
Figure for Problem 1l(c).
210
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2, (a)
y |
|
)
1 4
#9 2
* ® X

Figure for Problem 2(a).

"‘v

(o)

(a)

| y i ?
s ‘ l E
! - 4 t : [
§ i ’ 2 i l |
f | L L ! : i I
: | ' j %»+
® E 0 2 X
*—o 2 ! : -
o _
T T \ -
: ol I 2 -
| . ,
t l Figure for Problem 2(d).
i ' 'l_l s ’
. M A4 T T T
Figure for Problem 2(c).

3. -2<x< O and 2 <y <4 where x and y are integerss'

4, (a) y = -3x + 1, where x and y are integers.

(b) % <x<8 and -2 <y < 2, where x and Yy are
intepers or 5 < X7 and -1y <1, where X
and y are integers.

(¢) y=-x-3 for -8<x< -4, where x and y are
integers. ‘

(d) x=-2 aznd 2<y.<T7 , where x and y are
intege=s.

[pages 444-445)
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T

Figure for Problem 2(b). .



. uTe
‘(e) x=-4 or -T<y< -2, where x and y are
integers. . : i
(f) -2<x<2 and -4 <y <3, where x and y are L
integers. R

(g) x >-6 and y<6 and y>x + 6, where x and ¥
are integers, -

5. (a) (v)

L
' y
‘\\u\_
—
2 ~ [ .
2 2 S
0 2 X . 0 ' X
| S
Figure for Problem 5(a). Figure for Problem 5(b).

The graph of (a) 1is a set of iscZated points, while . o
the graph of (b) 1is a straight line. Points on (b)
but not on (a) include: S

(1:2%): (-2:3%), ete.

The graph of (c¢) would have to be drawn as the graph
of (b), since it would not be possible to indicate the
"holes" for the irrational values. If x 1s rational,
y 1s rational,

212
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y14-5. Graphs of Open Sentences Involving Absolute Value.

, This section dealing with absolute value is valuable not only
for the opportunity it provides for recall of work done with abso-
"lute value earlier in the coﬁ}se, but also for the opportunity it
‘provides for examining what héppens to a graph when certain changes

made ‘n ita equation. ' '
Page 448, The graphs of |x| =5 and |x| =7 are pairs of ver-
tical 1lines, and the graphs of |y|] =2 and |y| =3 are patrs
of horizontal lines. The graph of |x| =k 1s a single line if
and only if k = O. : : ‘

y
lyl::3
yit2
Rk w| -
B ' = =]
0 2 x|
- ] ylr2
|ylr3
213
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v



*7\;y78

iffAnswers to Problem Set 1h-5a;p - 51 .ﬁ
s 1. (a) ) -
. g y ;
: y {yr2]=3
AV ]
0 n
2 o e o
= (4
] .. _‘. s
v - — Ly
. X
0 X ol | 2 N
- Jyr2]=8

Figure for Problem 1(a).
(c)
L
IylEs  _
2
X
0 2
YIFS
Figure for Problem 1(c).
(e)
y
Pl -
wlw "
+ [
x » )
0 2 X
Figure for Problem 1(e).

Figure "for Problem 1(b):

(d)
y
X o
= 215
) s
———— L)
o] |} 2 X

Figure for Problem 1(d).

(£)

yfz‘#—“_

|
Figure for Problem 1(f).
2:L4.?

[page 4501




2 (a) (b) y
; ! < 770 AV
x> 2 P2 ;"l’if - XP?/;"/
' ' N /
o| X ' /] §Vé4
> o4/ X
AN, o | AL
A = | Al |
Figure for Problem 2(a). Figure for Problem 2(b).
(c) % ¥
/| A
/]
s
/] 2V
Z }
0 2 X
/] /|
/]
A/
/]
Figure for Problem 2(c).
3. (a) (b) TR
- < §V" e
RDORRRR NN NN
"f SRRRRRRR
t\ | 0 It 2 i X c% AN \\\
- i _ o[~ 2 NN[X
% NV T \ AN NININ

Figure for Problem 3(a). 215 Figure for Problem 3(b).

[page 450]
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3. (c) (a)
Y NN d y N\
? ='§> yE2X-|l
‘ .
[5) )8 X t ‘
o Oy I 2 X
A 1 . ‘

Figure for Problem 3(c).

Figure for Problem 3(d). ;

L. (a) (b)
Ve - ‘
Y .
) . / / 7 NN yavay
| ¢ 7
l 2x+y >3 / .
- L MAA TEIE N A
< /] 2 A,
t / $ ” .
o] | % V0 ol | 2 X
/
; ) -
Figure for Problem 4(a). Figure for Problem 4(v).
d o
(cl y A (@) AN y Y
. ' * 2 -J('K
A A ' AN
2RXF2Y S e
{ A !
N N ‘ N
O\l \& X . 0 2 X
N
y
|
-~ I

Figure for Problem 4(c). Figure for Problem 4(d).

[page 450]
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5.. (1) y = 3x
(2) ¥y = =X + 4
(3) y=5x-6
() x| =6
6. W) LA
y A ATh) .
P
/
\‘ ‘f// -
5 B
. (e
4 L7 R
e
A7l @
P%
prd i \\
] )|\
N

Figure for Problem 6.

Page U452. Whether x 1is positive or negatlve, the absolute valué 
of x must be positive. So every value of y 1s positive for’
every value of x except O. For x =0, ¥y = 0. -

The two lines which are the graph of y = |x| form a right'
angle, because each line forms one-half of a right angle with the -
line y = 0. A simple equation whose graph would be two lines:jm#f
which do not form a right angle would be "y =2 |x| " or
"v = -2 |x| ", or any equation of the form "y =k |x|"
o where k 1is not 1.

217
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Answers to Problem Set 14-5b; pages 453-454:

1. (a)
, y
» ~
‘1/ ~~.
7 13 ,‘;
\ [WALN

OE
*

Figure for Problem 1(a).

(c)

~

57

7

Z

Figure for Problem 1(c).

(e)
Yy
\\\,,
7 LY
[}
t
0} 2 Ix
Qb
/1

Figure for Problem 1(e).

(p)
y
S >
AP LN
kA2
e z X
Figure for Problem 1(b).
(a) 2‘y
i ]
N X
J-\\
l\;*‘ ‘e’
] IJv ”/
Figure for Problem 1(d).
(£)

2138

y
) ‘%\
2 i‘\’
t
Ve
0 2 X
AN
JANS
4

Figure for Problem 1(f).
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2. (a) (b)
v
+ 4 "y
iz o of { 2 X
3 oF
2 A A
, = AN |
.\
O | 2 X
Figure for Problem 2(a). . Figure for Problem 2(b).
(c) (a)
AN yi v y /
3N /I~ A
% NS 9 %
“N ]/~ HREEN
2 Y T
]
0 e z,' k4 X
Y 2 X |
)
Te
Figure for Problem 2(c). Figure for Problem 2(d).
(e) (£) vl |
y - t+
N 2 0l | 2 X .
2 :
f g
: N 4
] X A2 CE
[ ' 3 X,.
'e Le s ! * /
;:W.Figure for Problem 2(e). Figure for Problem.2(f).
[page 453]
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y y
Z N
% [N J—x\ / -\qx
S, HAY /fv K N
N N 5 !
< -
1 L)
o 2 X 0 2.
_ Figure for Problem 3(a). Figure for Problem 3(v).
(e) (d)
y y
\ / 2
<N\ * B KK
% o O
5 > 4— 7 »]
2 A A
i *
, VA &
(0] 2 X
i :
Figure for Problem 3(c). Figure for Problem 3(d).
(e) y
//
oD_
TN
P ’l-\
R )
t
0 2 X

Figure for Problem 3(e).
[page 4531
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4, Problem .
1(c) The graph of "y = - |x| " can be obtailned by
rotating the graph of "y = |x| " % revolution

about the x-axis.

1(e) The graph of "x = - |y| " can be obtalned by rotat-
1

ing the graph of "x = |y|" % revolution about
the y-axis.

2(a) The graph of "y =|x| + 3" can be obtalned by
© sliding the graph of "y = |x| " wup three units.

2(b) The graph of "y = |x| -7" can be obtained by
sliding the graph of "y =|x| " down seven units,

2(d) The graph of "x =]y| + 3" can be obtained by
sliding the graph of "x =|y| " to the right
three units.

2(f) The graph of "y = - |x| - 1" can be obtained by
rotating the graph of "y =|x| " about the x-axis
and then sliding it down one unit, '

3(a) The graph of "y = |x - 2| " can be obtained by
sliding the graph of "y = |x| " to the right two
units.

3(b) The graph of "y =|x + 3| " can be obtained by
sliding the graph of "y =|x| " to the left three
units.

3(d) The graph of "y = |x + 3| - 5" can be obtained by
sliding the graph of "y =|x| " to the lefu three
units and down five units,

221
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*5, If x =6, there.ar= no possible values of y, since

|yl = -1 and this s impossible. If y = |2| , there
are two possible —alues for y: y = -2 =¥=md y = 2.
f . e
x | -7 ! -3 (-3 {-1 ~-"FLo]o| ] iii 3] 5
i'xlf =1 3] 3} 1 ~» ofjofaf1y " t3f|s
E8
f?yl o, 2| 2} ¢t i osyislului 2af2]o
vyl ol 2|24 is|l-s]|uf-uj2]-2]o
The graph shown is the gzeph Y
of |x| + |y| =5, aswull s ¥
as the graphs of the four e 3
open sentences: T =T L
. +
x+y=5, and 0 x<K5 ) 3 X
. or X -y=5, and 0 x<K5 i <
or ~-x +y=5, and -5 x<0 “‘a A
or -x -y=5, and -5<<x<0

It was necessary in these 'Flgure for Problem 5.
to limit the values of X
so that only the indicated

segments of the lines would //y -
be included. g
P4
*6, (a) Point out to the r %,
pupil the four D |° S
open sentences im- /| 1 ' $
/ 0 2 .
plied here: Al
- /] S, D)
x+y>5, . :3‘ :\ /
or X -y >5, o / L
/ yap, / // /,/,
or -x +y >5, NAAAN AN A
_ CAAATAAS AAAAA,

or -x -y > 5. Figure for Problem 6(a). i

222
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&
The graphs of the gor™ pfording squatioms: "X +y =5
or X -y =5 or .. ' pre * en drawn with dotted
lines. Now note the- +%v- 5 becomes Yy > -X + 5

- 4+¥- 5 becomes ¥y > X + 5

So the area above each - tie .nes where "x +y = 5"
and "-x +y = 5" 1is sh ded..
Also: X -y >5 bewrmes ¥y X -5

X -y >= weass ¥ £ =X -5

So the area below each > Tm= 1iZnes where "x -y = 5"

and "-x -y =5" is & ..
Therefore the graph of - ijl > 5 d1s all of the
plane outside the grapz : '~ = |yl = 5.
(b) In the same line ¢ raasoming v
x| + |yl <5 imp ‘es* ]
K] X
X + y < 5, é a N "0
and X -y < AN
¥ 5, \\ \‘-iv'
and -x + ¥ < 5, R \0 z X
\, ™\, -
‘ Fs \ Py
Hence, the graph is the )‘ 7] &
area inside the graph of k

Figure f=r Problem 6(b).
|x] + 1yl = 5.

Verify on the number

line that "|y| < k" is

equivalent to "y < k

and -y < k", whereas

"ly] > k" 1s equivalent

to "y > k or -y > k".

223 o
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! y
(¢) The graph iz the ' +
. same as thatr for x Je
(v), except that s o i ""\ _
the lines are AWV .
solid to indicate 0 2 | X
that the grzph of 1
'f'\ , . .\aﬁ—
Ixl + ]yl = 5 Tee X +
is 1ncluded, as - ‘ ’
well as the graph Figure for Problem 6(c).
of |x| + [yl<5. ¢ yAVAVA )] s
(a) "'|x| + |yl 4 5" implies /i ’
. p 1 4
"] + |yl =5 or 4 //¢‘° A ELTA
: ] . 1s
|x] + |y] > 5", so the [/ L \
/ o 2 1 %
graph 1is the same as A7 N+ ol /1 /
. / ‘-“0 : IIN ,
that for (a), except < )
that the lines are D }
solid. Figure for Problem 6(d).
*T .,
x {-71l-7|-6|-6|-4|-2}{-3l-2]21 B |los|lu]7
ixtt 71 71 61 61 ] 213 21T 12 B[] a]7
o)l uf 2| 3] 3] 2| 2 fol-1l-2 plafa2|n]ur
v 4l -4 3|-3} 1|-11{ O|Impossibl 1 |-1 | & -4
The four ¢pen sentences *, . y >
whose grapgns form the same ? .g"
figure are: ' ' '
X-y=3,and x> 3 0 2 X
X+y = ax>3 " ia e
-y =3, and x >3 ISP TS
-X +.y =3, and x £ -3 M , ,
X -y =3, and x< -3 224 Figure for Problem T.

[page 454]
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Answers to Review Probisms, pages 455-463:

1.. (a) y=73x

]

(b) ¥ —%X—B

(¢) 0<x<3 =zmd 2<y<5, where x aui y are
integers. ior: 1< x <2 and 1<y . +, Wwhere
x and y =re imtegers.)

(d) x =2 and -1<y< 8, where y 1s amw integer
(or: x =2 and 0Ky < T, where y i= an integer)

(e)
(£) v = |x| -2

2 |x|

(g) Y=.|2X-4| , l.e., y=2 |x-2|
(h)  |x| + |yl <8 '
(1) vy £ %K+2

(J) v22ix - 3|
(k) > -x+ &

(/) =<6 and y>O0 and ¥y < x, where x and.y are
integers; or x <5 and ¥ > 1 and y <X, Where
x and y are integers.

2. (a) (b)
y d
y N
X
2 N N[
i
N\
o\l 2 NN[= .
be INJ VI3 xNNIN X
14 NANANEN ) 2 X
BIOUUGHNN NN ii TTTT
Figure for Problem 2fa). Figure Ztz=Problem 2(b).
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(c | | (d) ),/!“ "

~
—{-—+
3
N

e

: ?lvv
<X AVaavaravava

AN i
: LN !
\ RN
PN B RN 0 ) X
\T\ S TT NN N D E i
Figure for Problem 2(z . Figure Tor Problem 2(d).
(e (f)
L/ Yyql =
AN y
4
XK1, T
yayadn | +
Z A s
oL/ & oON( 2 |
] -
! Jp*
Al I 4
4
/| AA+0 1T
Figure for Probl=m Z{e). Figure for Problem 2(f).

(g) No graph iz pwmssibls, sirze "|x| + |y|" must be
positive. ™w=refore, the truth =T of
"ix| + |yl = -2" 1s g.

(h) - (1)
SN i
N3By>exd N A o
" 1 . T
NONNTO W7 -
. N2 | = 0 2 X
5\ *
\\"fo | |
;> 4 | x#3 and
KM | L]yl

Figure for Problem_2.h). : Eigure'ﬂ:z~9robﬁem 2(1).

[page 458]
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Figure for Problem 2(]). Figure “or Problem 2(Xk).

*3.

1(a, b)
i '(1, “u)
("71 1")

&

giH IR ||l E QT |»
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b DLyi y=-2x-7; b=-2a
L2: ¥ = 2X ~ 53 b =2a - 5.

I_3: y=‘--3é'-x; 'b -%—a+.5‘
9

Lu: V= -
Lyt | x -5| = 1; la -7|=12

5.. (a) a is negative
(b) b is positive
(¢) P (a,-b); Q(-a,-b); R(-a.n)

»6. (c,-d) 1is in quadrant II e '?(-c.'__d,"
(-¢,d) 1is in quadrant IV i JI - __[1‘ 1
“(-c,-d) is in quadrant I i g 1 o
‘ L6, d) | VIY'ALUF:)
3 N B /O ST R
7. (a) The graph of } : Figore for Proiidem 6.
"v o= 3x 4+ 4" is RENIIENE
rotated about the Y viy 4
y-axis. 1\ 4 RSY,
SY_.‘ \ | feif ] |
(b) The graph of P\ | o ime
"v = 3x + 4" 1is 3?% \f;é%;ﬁg =
rotated about the — / AL
ﬂ x-axis, i i
(e) The graph is moved f\/ /A/_ ‘ ix
YAJINIE !
down 3 units. ‘ G ]
(d) The graph is moved —/ / V ‘ { %
2 units to the T Nd N |
right. T e | f=
- VAR
7 F Nt 1N
_ : o B
7 _ ) ) 717 T T80 1 -
L 228 ‘Figure for Probi=m Tim) - 7(d).
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(a)
()

(@)

(a)
(e)

(a)

()

(c)

y=-2 kx|
y=2I|x -3

v =2 |x + 2|
y=2|x{ +5
vyv=2]|x~-2] -4

‘The same line was

the graph of each
equation. You
coulg gét the

secard équation'byb
multiplyling thé
members of the first
squatlion by 3.

The graphs would
be the: same
straight line.

The graphs of the
two equatlons will
be the same line 1f
there 1s a number
k such that:

' D = kA,

Y x

N

2-’ .

Figure for Problem 8.

/./‘I .
A3

v

-

Figﬁre for Problem g.

E=kB, and F =kC.

If the graphs are the same line, then

A _B_
5"

[P#g";”iiél'] |
T

by




Hol

10. (a) The graphs have.the
same slopes, and are

¢ parallel lines., The o
coefficlents of x - R,

y L L
and ¥ 1n the second W
equation are four . RPd
times the coefficients e A X
0 7
of x and y in the A AR
v L ad
first equation. e
i AL
A
(b) The graphs would be a7

parallel lines, un-
less D = kC, in
which case they
would be the same
line,

Figure for Problem 10.

(¢c) The graphs will be parallel lines if there is a o
~ number k such that D =kA, E=kB, and F #kC.
If the graphs are parallel lines, then s

A_B,C
D=EF ¥
11. (a) A~
i\
ﬂ L,
>\ 2 o) 2 /A
NK: Z 1\
0 \\\ [ N
TN 2
{'4e6 < \
N
Figure for Prbbiém llza).
' \

Figure for Problem 11(a).
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[page 462]




495

(b)
2 [ IF T
y

0 o JAPSLAT
4 & ~ v >

2- 5 } 2

{ l[ [V ‘/

i, ot 2 2

Figure for Problem 11(Db). Figure for Problem 11(Db).

*12.

In both cases, it is obvious that the graphs depend on
the choices made for the first variable. We speak of
sentences with two ordered variables because we are deal-

~ing with ordered pairs of real numbers, and unless the

variables are also ordered we have no way of knowing
which number of an ordered pair corresponds to which
variable. h

Each point of the plane is moved to a point having the
same abscissa’'as before, and the ordinate of the new

point 1s the opposite of the ordinate of the original

point. This amounts to rotating the points of the plane
ore~half revolution about the x-axis.

231
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(a) (2,1) goes to (2,-1)(b) (=,-1) goes to (2,1)
(2,~-1) goes to (2,1) (2,1) - goes to (2,-1)

(- %,2) goes to (- %,-—2) (--%,—2)» goes te _(f-'%-,2)

(-2,-3) goes to (-£,3) (-2,3) goes to (-2,-3)
(3,0) goes to (3:0D) (3.2) goes to (3,0)
(-5,0) goes to (=3,0)  (~5,0) goes to (-5,0)
(0,5) goes to (0,-5)  (0,-5) goes to (0,-5)
(0,-5) goes to (2,5) (0,5) goes to (0,-5)

) YL
(¢) (a,-b) goes to (m,b) obhl
a) (-a,b) goes to (-a,—i)
(a) " : 2] [\
(e) (a,-b) goes to (a,b] VEED
' )]
(f£) All points on the x-axis ,f;;“’ / T f\f(lO)x
Zo to themselves. I A\l
(@)
. (_-._2
23] |
(0,-5) .

Flgure for Problem 12.

*13. The points of the plarm move up two units and to the left
three units.
(a) (1,1) goes to (-2,3) (b) (4,-1) goes to (1,1)

{-1,-1)goes to (-4,1) (2,-3) goes to (-1,-1)"

‘-2,2) goes to (-5,4) (1,0) goes to (-2,2)

{0,-3) goes to (-3,-Lj (3,-5) goes to (0,-3)

(3,0) goes to (0,2) (6,-2) goes to (3,0)
232
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(¢) (a,b-2) goes to (a-3,b) ' é;
(d) (-a+3,-b-2) goes to (-a,=Db)

(e) No point goes to itself

(f) Moving (a,b) to (a,b-2)
has the effect of sliding
the points of the plane

 down two units.

(-5la)

"o 4f0(2)

T (o - X

2)

©-3) | N, [(2]-3

(3,-9)

Figure for Problem 13.
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2.

Suggested Test Items

Consider the equation 2x - 5y + 6 = 0

(a) Write the equation in the y-form.

(b) What is the slope of the line with this equation?
{c) What 1s the y-intercept of this line? |
(d) Draw the graph of the equation. .

(e) What is an equation of the line parallel to the
given line and with y-intercept number -29

What 1s the value of a such that the 1line with equation
3Xx + 2y - 6 = 0 contains the point (a,3)?

What 1s the value of b such that the point (2,-3) 1is
on the line with equation 2x - by = 39

Determine the slope of each of the lines whose equations
are:

(a) y-3=0
(b) x =2y - 2
(¢) -x+1=0
Given the equation x2 -1l -y =0 and the ordered pairs
(0,2), (-3,8), (1,1), (-2,4), (0,~1), (0,1), (-2,3),

Which of the given ordered pairs are elements of the
truth set of the given equation?

Give a reason why or why not the equation in Problem 5

Draw the graphs of each of the following with reference
to a different set of axis. '

(a) 2x +y +5 =0 (f) 2y +3 =0

(b) y=2%x-2 (g y-x>0
(¢) 2x -1=0 (h) x-2y>0
(d) |y| ==x (1) x+2=yorx=y

22U



10.

11.

12.

13,

14,

499 S

(é5 X =2y + 3. (J) x+2 =;y and x = y

Draw a line such that the coordinates of its points are
the ordered pairs for which each ordinate 18 twice the

opposite of the absclssa. What 1s the equation of this
line?

From one point to another on a line the horizontal

change is -3 units and the vertical change is 6 units.,

What 1s the slope of the line?

If the line described in Problem 9 contalns the polnt
(0,~3), what is an equation of the line?

Is the point (-1,%) on the line containing the éoints
(-6,7) and (9,-3)? .Give a reason for your answer.

With respect to separate sets of axes, draw the graphS'of‘
(a) x> -4 and x < -1, with x and Yy integers.

(b) x>

-4 and x < -1, with x and ¥y real numbers.

With respect to separate sets of axes, draw the graphs of
() |x-1|=3 (b) |x-1] <3

With respect to separate sets of axes, draw the graph‘of
(a) y=1x] +1 (¢) x+2y> 4

() vy =Ix+1] (@) lx + 2yl >4
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Chapter 15
SYSTEMS OF EQUATIONS AND INEQUALITIES

The system of linear equatlons

Ax + By + C o

0,

Dx + By + F
that is, the conjunction

AX +By +C =0 and Dx + Ey +F =0,

arises in many contexts where two variables have two conditions
placed on them simultaneously. This probably explains why such a
system is often called a "system of simultaneous eqqations".

We want the students to continue extending their ldeas about -
sentences, truth sets, and graphs. Thus, such a system 1s another
example of a sentence in two varlables, and we again face the prok-
lem of describing ivs truth set and drawing its graph. As before,

‘we solve this sentence by obtaining an equivalent sentence whose
truth set is obvious. Here we are alded by the intultive geometry
“of lines. Two lines either intersect in exactly one point or they
are parallel. If the lines given by the system intersect, then the
point of intersection must have coordinates satisfying both equa=-
_ tions of the syntem, and this ordered pair is the solution of the
sentence. Thus, the problem i1s one of finding two lines through
this point of intersection whose equations are the most simple,
namely, a vertical line and a horizontal line. All methods of
solving such systems are actually procedures for fiqding these

two lines.

Page 466. Our symbolism

Ax + By + C 0
I Dx + By + F=0
is Just another way of wrliting the open sentence

|}

Ak + By + C =0 and Dx + Ey + F = O.

: 236
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;n'The students must not‘iﬁterpret the symbolism as the disjunction
“ "AXx +By +C=0 or Dx +Ey +F = o",

e In Problems -1(a) through 1(e) of Problem Set  15-1la,
the students are to estimate the coordinates of the points of in-

tersection from carefully drawn graphs and then verify that their
. guesses (estimates) _are good ones,

Answers to Problem Set 15-la; page L467:

I (a) \ |Y A1 Ib) y
\ 5} N
o\ A‘; BN
WA\ | NNE
hE & X
[0} 2 X [0} Ja
/ 1\ ANY
"‘l "f“ .
/ : \J
\ &
4 \ !
Truth set :{(I.O)} Truth set:. (-3,3)}
1) 1(d) \ly
A}&
N \
\\ y \
-2 B -
} o \
CHENERSNE 2 :
[ \*\9_\ : X
" e o \0\ +
v, 3 A +.
Vi >
\\\ )
\ N

njo
Nt

Truth set: {%3,!)} 937, Truth set: {( 2,

[page 467]
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o : y|j
C i te)
]
|
2l
/
/
'“ j 2
[ 1
/ 0 2 X
W
4 -"\rz‘—
:-.l 2
i
f
Truﬂw~sa¢:{(-%?,-2%)}

The student's estimates might be ((-4.2, -8.1)} or
{(-4, -8))}. Do not try to bring out the exact values
at this time. This problem will be used as a basis of

discussion in the next pages.

1

2(a) ' 2(b)
y y
/j/
. ,r\x
- o xP
2 <. _ A 7 Te
- to ot H\
o [ 2 X rd o[V & [ K
Vk‘ A
¥ O
? \k
‘ﬁ \":\o
\\'
\

Truth set: All points of 238 Truth set: All polnts of
both lines. - ‘ both lines,

[page 46T7]



SPége 467. Other compound sentences with truth set {( 1,3)}

XxX+1=0 and y-3=
x+1=0 and X +y - l =
X+2y -5 = and : V - 3 =0,

;;iE;ges 468 472. Our purpose here is to derive a method for solving
. a system of equations - ' ‘

.{Ax+By+C=O

(A#£0 or BAO; D#O or VE;éo)*.
Dx + Ey +F = 0 '

>'~on ‘the assumption that this system has exactlymone ordered pair

_'of real numbers as 1its solution. We think of the individual

clauses of the system as equations of lines and try to find a .
horizental line and a vertical line whizh pass through the point
- common to ‘this first pair oi‘ lines. If these new lines have egua-
tions "y = d" am "x =c", then (c.d) is the solution of our:

© . system.

0
0

The lines of tme system | Ax + By + C
’ Dx +.Ey + F

" have exactly one point in.common if and only if they are neitherixkj

parallel nor coincident. We know that two lines are parallel'or

coincident if and only 1if they are both vertical or both have the
. 'same slope. Putting these statements together we can say that the
1_,‘."f»lines of the above system have exactly one point in common if and
F@’.__JK 1f _ e
' (1) B f 0 or E#0 (the lines are not both vertical)

and  (44) - E £ - 'E (1f non-vertical, the lines are not parallel)’

A very astute student may inquire how these conditions affect«‘
the method for solving linear systems mhich is given in the text. e
He may wonder why, for example, we are :@always able to select '

' proper multipliers a and b which yleld equations of horizontal :
and vertical lines through the polnt common to the given lines,: if 3
there 1s exactly one point. An explanation, which is certainly -~
not intended for ordinary class discussion, depends on the follow=

ing:
[pages Le7-U472]
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Theorem. The lines of the system

Ax + By + C
Dx + By + F =0

0

It

are parallel or coincident 1f and only if there
exist real numbers a and b, not both zero, such
that

a4 + bD = 0 and aB + bE = 0. .
Diséusgigg: A rewording of one part.of this Theorem is: If
the: lines are nelther parallel. nor coinczdent, then there exist
rezl numbers a ard ‘b, not both zero, such that

aA + bI'£ 0 or aB + bE # D.

. {Notice that we have rzworded part of the Theorem in the form of a
contrapositiive, That is, 1f statement & 1implies statement_ B,
then the negation of B 1implies the negatilon of A,) As we shall
see, the fact that either aA + bD £ 0 or aB + DbE # 0 will
‘guarantee the success of the method used in the text.

Proof': Let us prove first that if the lines are parallel or
coincident, then there exist numbers a and b, not both zero,
such that aA + bD =0 and aB + bE = O.  There are three cases.

’ Either the lines are vertical, or they are horizontal or neither
of these, If they are vertical, then

B=0, E=0, AZO0, DFO,
and we may choose a = =D and b = A such that

ah + bD = (~-D)A+ AD =0 and aB +bE=2a8-0+Db-0=0.
If they are horizontai, then .
A=0, D=0, B#f£O, E A0
and we may choose a = -E and b =B sSo that

aA + bD = 2.0 + b+0 = O and aB + bE = -EB + BE = O.
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If the lines are neither vertical nor horizontal (and are parallel),

_ then .
- -8=-3, Af0, BAO, CAO, DO,
that 1is,
A _B
D~ F
In this case, we may choose a = -1 and b = % = %, giving

8L + bD = -A + 5D = 0 and aB + bE = -B+ £-E = O,

Canversely, we prove that 1f there exist real numbers a and
b, not both zero, such that aA + bD = 0 and aB + bE = 0, ¢then
the lines are parallel or coincident. There are two cases: either .
a0 or a=0. if 'a #0, we may write the conditions in the
form

b

A=2D and B = b

aE.

Since the equation Ax + By + C = 0 cannot have A =B = 0, 1t
follows that b # 0. Hence, the egquation Ax + By + C 0. is
equlvalent to

2DX+'§EY+C=O)

that 1s, to
Dx + Ey + & = O,

This 1s the equation of a line parallel to or colncldent with the
line whose equation is Dx + Ey + C = 0. If a =0, then
bD = 0 and bE = 0. Since b # 0, 1t follows that D = 0 and
E = 0 and the 1ines are both vertical, hence, parallel or co-
incident. This completes the proof. v

- The theorem Just proved allows us to Justify the method of
the text. If the lines AX + By + C =0 and Dx + Ey + F = 0
have exactly one point in common, we form the equation

a(Ax + By.+ C) + b(Dx + Ey + F) =0

with a and b real numbers, at lest one of which is not 0.
This new equation may be written

(aA + bD)x + (aB + bE)y + (aC + bF) = O.
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.Since the lines of the original system are neither parallel nor
;cbincident, we know that aA + tD £ 0 or aB + bE £ T and, hence,
_that this new equation is an equation of a line. Furthermore, if
;(c d) 1s the solution of our original system, then Ac + BA +C =0
‘and D¢ + Ed + F = 0, so that

a(Ac + Bd + C) + b(De + Ed + F) = a(0) + b(0) =

"1n other words, the new line passes through the intersection of the

~lines of the original system.

- A1l we have to do to get a horizontal line containing (c,d)

~1s choose a and b so that at least one of them 1s not O and
aA +bD=0., If A and D are O, the lines of the original
system are both horizontal and, hence, either have no points in
common or all points in common, contrary to our original assump-
tion that (c,d) 1is the only point common to the two lines of the
system. Thus, at least one of A and D 1is not O, and we
simply choose a =D and b = -A.

Similarly, the choice a =E and b = -B gives us & wartical
line on (c,d).

Your students will certainly not apprecilate the .argument we
have just given. They will be able to recogmlize the situations
where the lines of the system are neither perallel nor coincident
and, so, will know whether or not the system has a unique sdlution.
However, they should always check their "solution" in both equa-

" tions of the system to see that their computations are correct.

The method given in the text has a geometric flavor: lines,
points common to lines, etc. A purely algebrailc method 1is glven
in Problem 2 of Problem Set 15-1lb.
gggg__z_. Examples 1 and 2 1llustrate both methods of obtaining
the second simple sentence after we have the first one. The
method of Example 1 is usually simpler, but sometimes the method
of Example 2 1s preferred where fractions are involved.

242
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+ Help your students to see clearly that the sentence
S =3 and y = 2" is equivalent to "ix - 3y =16 and
"2x + By = 16", ] »
" The verification is not necessary -logically to prove the
sentences are equivalent, It 1s, however, desirable both to checkf
””accuracy of arithmet_c and to keep before us what we mean by “the.
.truth set of the sentence".

" Answers to Problem Set 15-1b; pages #T4-UTT:

1. (a) 3x - 2y - 14 =0
_, 2x +3y +8 =0 TV oy
3(3x - 2y - W) + 2(2x + 3y + 8) =0 2 q;>/’
OX - 6y - U2 + bx + &y + 16 = 0O N ; I 3i/ ;“'
13x - 26 = 0 N r
13x' = 26 \\\:\\ )
X = 2 | //‘\sgx%? _
When x = 2, ~ ' 1 “Gué
2.2 +3y +8 =0 TR R >
3y = - 12 |
y=-4
The truth set is {(2,-4)]}.
Verification: | Lef't . Right
| First Clause: 3:2 - 2(=4) - 14 =6 + 8 = 14 = O 0
Second Clause: 22 + 3(-4) +8 =4 -12+8 =0 0
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NENEE
‘0,\> A1 Ix
EENNDE
A
AL EE
SEZARANE
T A
/ .
(®) (2,733 ) -8y
(e) ((5,-7)} (e) (Z, -8
(@) ((17,12)) (n) (RN
(e) (B3 (1) ((15,16)]

g 2. At this point we are using the symbqlé‘»c; d as spécificl
" numbers, namely the numbers which are assumed to make bdth éénteﬁéga
of the system true. Thus, we are not thinking of c¢ and vd'éébthe
;-usual variables, which represent unspecified numbers.‘~Thef§iffé?;
~ence between "3x - 2y -5 =0" and "¢ - 2d - 5 =0o". is‘tbdt:
“"the first is an open sentence, whereas the second is a»statemént“;~_
f]aboup“two specific numerals naming the same number. The eqﬁatiohs’“
: abovéAgimply constitute the arithmetic of finding common names of ';
‘¢ and d, if they exist.

(a) Assume that (c,d) 1s a solutlon of the system

X - Uy -15=0

3x + 5y - 11 0

[pages 474-U4T5]
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¢ - b4d - 15

3¢ + 5d - 11

=1(3c + 5d - 11) = -1.0 . - o
3¢ - 124 - 45 =0
-3¢ - 5d + 11 = O
-17d - 34 =0
d = =2

3(c ~ 4d - 15) = 3-0

5(c - 4g -,15)f='5-o
4(3c + 5d - 11) = 4.0

5¢ - 204 -
12¢ + 204 -
17¢ -~ 119 =

C =

" Check: 7T -U4(-2) ~15=7+8-15=0

~Truth set:

7
i

0
7

=0
=0

5 =0
4 =0

37 4+ 5(-2) =11 =21 -10 -11 =0

{(7,-2)1.

() (5 1))

() (g 2))

(d) Assume

2X + 2y
3x + 3y

2¢ + 2d
3¢ + 3d

3(2c + 2d - 3) =
2(3c + 3d -~ 4)

(c,d) 1s a solution to the system

=3
=4
-3=0
-4 =0
= 3.0
= .2'.0
245
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O, Since g

6c + 6d - 9
6c + 64 - 8
O+ O - 1

ave the same slope, but different ;ntercepts they are‘parall

nd do’ not intersect

'{ 3 (a) Suppose there were x tickets sold at 25 cents,
' cand ¥y tickets sold. at 75 cents.i,;.,/»‘"'
Open sentence: x + y = 311 and 25x + 75y = 10875
Truth set: (249,62)] Hence, there werej 249xpupiis
" .—  and 62 admlt tickets sold e

(b) If there are x girls, then Elsie has "X - 1
sisters, Hence, there must be x -1 boys; ' T
Similarly if there are y boys, . then Jimmie ‘has
¥y - 1 brothers. and 2(y - 1) sisters.. | N
Open sentence: x - 1 =y and 2(y - 1) = x.
Truth set: {(4,3)}. Hence, there are 'M_girls.,
and 3 boys in the family. ’

(c) Suppose there were X three cent stamps purchased,.
and y four cent stamps. : ' '
Open sentence: X + ¥y = 352 and 3x + Uy = 1267.‘
Truth set: {(141,211)}. Hence, there were 141
three cent and 211 four cent stamps purchased.

(d) Suppose there were x one dollar bills and ¥y
five dollar bills.
Open sentence: x + ¥y = 154 and x + 5y = 465,
Truth set: [(76%;77%)}. He has not counted

correctly, since, the number of bills must be an

integer.
246
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The students should try to find the truth sets here by
the method glven on Pages 468-U474. " They will be
successful with Problem Uu4(a) only. The method faills
for Problems #4(b) and U4(c). ' '

(b) a(2x - y -5) + b(kx - 2y - 10) =
(a + 2b)(2x) - (a + 2b) y - (a + 2b)5 =

(c) a(ex +y -4) +b(2x+y -2) =
(a +b)2x + (a +b)y - 4a - 2b =0

Clearly, in both cases, any choice of a and b’
which gives a zero coefficlent for Xx does the
same for ¥; and conversely. ,

We ask the students to draw the graphs of the
clauses of the systems so that they will make the
following observations:

(1) In Problem 4(b), there is more than one point
common to the graphs of the clauses
2x -y ~-5=0 and Uix - 2y - 10 =

(2) The graphs of the clauses in Problem 4(c)
have no points in common. -
We should perhaps emphasize once agaln that
the method on Pages U68-4T4 of the text leads
to the truth set of the system if and only if
the graphs of the clauses of the system have
exactly one point in common.

247
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4(a) 4(b)
B y ) /]
2H*e7’4: y o
- 1"/ a 2 ,\Q
— 11 c X
2 ‘ G
- + 0 . X
0 5| Ix
.,
R, /
‘3:_-“
NIQ Vi
/
Truth set: {(-4,1)} Truth set: The whole line.
4(c)
\ Ned y
2N \Y
12N N\s
L\ \°
\‘o
0 X
\

Truth set is ¢:
The lines are parallel.

[page 477]
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5. If the line Ax + By + C = 0 1is to contaln the origin
then C must be equal to zero. Since a(5x - Ty - 3) +
b(3x - 6y + 5) = 0 represents any llne passing thru the
intersection of the lines 5x - 7y - 3 = 0, and
3x - 6y +5 = 0, we must choose a and b, not both O,
so that -3a + 5b = 0. One obvious cholce is a =5,
and b = 3. Therefore, our compound sentepqe now .becomes

5(5x - Ty - 3) + 3(3x - 6y + 5) = 0.

Therefore, 34x - 53y = O 1s an equation of the line
passing through the origin and '‘passing through the inter-

section of the lines 5x - 7y - 3 =0 and 3x - 6y + 5 = 0.

Page U77. For the system
2x -y -5=0
bx - 2y - 10 = 0O,
we have :
a(2x - y - 5) + b(4x - 2y - 10) = (a + 2b)(2x) - (a + 2b)y -
(a + 2b)5.

Tt is then evident that no choice of a and b will glve a 0
coefficlent for one of x and Yy and not the other.

gggg'51§. The students' answers to the questions concerning the
slope and y-intercept number of y = -2X + 4 and y = -2x + 2
should sdéﬁestvwhy the y-form of an equation of a line is also
called the slope-y-intercept form.

_Page 478. When the algebralc technique we have developed 1is
applied to the system :
- 0

ox +y ~ 4

2Xx +y - 2 0,

we find that
a(2x +y - 4) +b(2x +y - 2) = (a + b)(2x) +(a + b)y - 4a - 2b

Clearly, any choice of a and b - which glves a 0 coefficient for
x also glves a O coefficlent for y; and, conversely.

(pages 477-478]
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Page 480, The relation "are proportional to" for ordered sets of
" real numbers 1s a highly useful one. We have given the definition -
in the text for ordered pairs of real numbers. Por ordered triples
of numbers, it would read: The real numbers A, B, and C are
proportional to the real numbers D, E, and F 1if there 1s a non-
zero real number k such that

A =kD, B =kE, and C = kF.
Thus, the lines of the system‘

AX + By + C 0

Dx + Ey +'F 0

are coincident if and only if the numbers A, B, and ¢C are pro-
portional to D, E, and F.

The statement that A, B, and € are proportional to D,
E, and F 1s often abbreviated to

~— TN e TR e

where 1t 1s agreed that when one of the denominators is 0, then
so 1s the corresponding numerator. It 1s by no means intended that

one interpret % as "the quotient of 0 by O"; rather, % is

written for the statement O = k°*0O so that one can abbreviate such
statements as "0, 1, and -7 are proportional to O, -3, and 21"
to. ‘ '

o

Using this abbreviatlon, the lines of the system

]
=
1]
Q

Ax + By + C
Dx + Ey + F

are colncident if and only if = = %= == .

250
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Answers to Problem Set 15-1c; pages U480-u4BY4:

'll
Example 1. Example 2.
N y
- Fy Y
S
e 2 LA~
WP = £
¥ >
2 > of 2.7
...... ___A_.' - Y // P
-4 h v
c X \
7/' ) _.,6)
e X
7 :
A - Truth set is whole line.

Truth set: ((5,2)}

Example 3.
y pd
e
2 eﬁ"} “‘// ”
— Y 'L‘/’ z1*/
L QI,
Pa 1
A 21 X
grd
|~
A1 1
Jid
v

Truth set is
Lines are parallel.

251
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2(a) 2(b)
NP 1]y
57; T2 I »
2 2 =
AR RN , 1T
O T TR d
¥ 0 2 X 0 2 ) X
~
ﬂvl — b"q
'(’ - . \‘ // 4 :”*
A1Y

Truth set: {(-1,4)) Truth set: {(7,2))

(¢c) The set of. all coordinates of points on the line,
(@) ((Z §))

(e) #

(£) (3, 3))

3. The ldea here is that the values of y for each egua-
tion must be the same when x 1s the abscissa of the
point common to the lines of the system

X -~y - 17
5% + 2y -~ U4
This simple observation then allows one to solve an equa-~
tion 1n the one varlable x, obtained by writing each
equation in its y-form and then ‘“equating" these two
expressions in Xx.
Instead of writing both equations in their y-forms,
we sometlimes find it more convenient to write cne in 1its
y-form and replace y Dby the resulting expression in x
in the other equation.

252
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Encourage your students to use whichever one of these methods
seems more appropriate.

(a) 3x +y + 18
2x - Ty - 34

. From the first equation

0

0

y = -3x - 18

2x - 7(-3x - 18) - 34

I
o

2x + 21x + 126 - 34 =0
23x + 92 =0
x = -4
When x = -4,
y = -3(-4%) - 18
y = -6
The .solution is (-4,-6).
. (b) [ v = %x + 2 ’
5%?' ) vy =~ %X + 40
%x + 2 = - %x‘+ 40

hx 4+ 12 = - 15x + 240
19x = 228
- x = 12
When x = 12,

y =512+ 2
'y =10

Tne“Folution is  (12,10).

[pages 481-482]
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(c) 5 + 2y - 4 =0
10x + 4y - 8 =

5 _2
Since SRR

The equations represent the same line, and the truth set.
the coordinates of all points on the line.

is the set of

\d) (3,-5)
(e) X +
X -
X =
i
-7y

“When y = %,
b
b

The solution 1
)
(£) (-2,3)

(a) The graphs of the clauses intersect in the point
which correSponds to the given brderednpair.b .

(b) The graphs coincide.
lent. There is a non-zero real number k

Ax + By +

(¢c) A and B are proportional to

I
(@]

-4
= -_:8-’

Ty = 11

3y = -4

-7y + 11

3y - 4

+ 11
15

3y - 4
10y

3(3) - &
1
2

).

Popt

s (%,

C = k(Dx + Ey + F).

graphs are parallel.

[pages 482-u483]
264

The two clauses are equiva-
such that -

The




520

We find the truth set to be {(%u%)} by any of the

methods:

(a)

(a)

()
(c)

(a)

Cx',

Choose a,b such that
a(4x + 2y - 11) + b(3x -y - 2) =

is equation of line through intersection and
parallel to an axls, etc.

Assume (c,d) satisfies both equations and solve
resulting equations for c¢,d by addition method.

Write both equations in y-form and equate values
of vy.

Use the substitution method.

Draw graphs of equations and estimate coordinates
of point of intersectlon.

{(3,~4)}. Any method, except y-forms, would bev
equally effective., :

{(0,0)}. Addition method would be easlest.

—-l)]. Substitution method; or clear fractions
and use éddition method

{(1, 2)] Addition method because the coefficients’
of y are opposites. '

{(6,1)}. Solve for x 1in first equation, substitute .
thio value in second §

g. Simplify left members and not;cé that the co~"
efficients of x and y are proportional,

—,g)}. Any method except gréphing.
{(5,7)}. Substitution method because the first
equation can be easily "solved for y 1in terms of
255
[page 483]
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In’tﬁe following problems try to bring out the possibility of
Ausing éither two variables or one variable. Do some of the problems
both ways. Look at the relative metits of the two ways. See how
.the equation in one variable develops from the two equations in two
variables.

T If the numbers are X and ¥, then
X +y =56
x -y =18

Truth set: ({(37,19))
The numbers are 37 and 19.
OR If the larger number 1s X, the smaller number is
56 - x, and ' ’
x - (56 - x) =18 ,
OR If the smaller number i1s y, the larger number 1s
vy + 18, and
' v + (y +18) =56 .

8. If Sally is x years old and Joe 1s y years old, then

X +y =30 X +y = 30
OR

X -y =4 vy -x=4

Notice that we do not know which 1s the older, so the
problem can be answered in two ways. ©Notilce also that
the information "In five years" 1is irrelevant since the
difference in thelr ages 1s the same now as it"is at any
time. . o
Truth set: {(17,13)) or ((13,17))

Sally 1s 17 years old and Joe 1s 13 or

Joe 1s 17 years old and Sally is 13.
This problem can be set up in four different ways using
one variable:

Sally n years old  JSally n years old

Joe 30-n years old . -fJoe' (n+4) or (n-4) years old
Joe n years old . :}Joe n .years old

Sally 30-n years old Sally (n+4) or (n-4) years old

[pége 4831
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OR

10.

OR

11.

then
a+¢ = 200
1.50a + 1.20c¢ = 1.32(200)

Truth set: {(80,120)}

He should use 80 pounds of almonds and 120 pounds of

cashews. .
If he uses a pounds of almonds, then he uses
(200 - a) pounds of cashews and |,

1.50a + 1.20(200 - a) = 1.32(200)

If the tens! diglt is t and the units! diglt 1s

then
u=2t+1

(10t +u) +u =3t + 35
Truth set: {(3,7))

“The number is 37.

If u 1s the unitst digit, then
(2u + 1) 1is the tens! digit, and

10(2u + 1) +a =3(2u +1) + 35

We use the principle from Physlecs that a lever

EN - N I.

If he uses a pounds of almonds and ¢ pounds of cashews,

- AN —

E 7N Vd

balances if e¢x = dy

where ¢ and d measure the distances from the fulerum,
or polnt of balance, and x and y measure the Weights”‘
of the objects on the lever. We can think of cx and -
dy 'as measures of the forces which tend to turn the

lever.

Explaln this informally to the students but do not

make a major lesson in physics of 1t.

257
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If Hugh is h feet from the point of balance and Fr.d
is f feet from the point of balance, then

T +h=9
100f = 80h

The truth set: {(4%,5)) _
Hugh is 5 feet, Fred is U4 feet from the point of
balance.

If one boy weighs a pounds and the other boy weighs
b pounds, then

a+b =209
5a = 6b

Truth set: ((114,95)} .
One boy weighs 114 pounds, the other 95 pounds.

If the speed of the current 1s ¢ m.p.h. and the speed
of the boat in still water is b m.p.h., then

%(b +c) =12

6(b - ¢c) = 12
Truth set: ((5,3))
The speed of the current is 3 m.p.h. and the speed of

the boat in still water is 5 m.p.h.
This problem is not easily done with one variable.

- If apples cost a cents per pound, and bananas cost b

cents per pound, then
3a + 4b = 108

ba + 3b 102

Truth set: {(12,18)]
Apples are 12 cents per pound and bananas are 18
cents per pound,

258
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16.

17.

@
ik

"If A walks at a miles per hoﬁr, and
B walks at b mliles per hour, then
in 60 hours, A walks 60a miles and
B walks 60b miles;
in 5 hours, A walks b5a miles and
B walks 5b miles,

60a = 60b + 30
5a + Bb = 30
The truth set: [(%?, %;)]

A walks at 3% mlles per hour.

B walks at 2% miles per hour.

If there are X quarts of the 90% solution and y
quarts of the 75% solution, then there are .90x
quarts of alcohol in the 90% solution and .75y quarts
of alechol in the 75% solution. Furthermore, there are
.78(20) quarts of alcohol in the mixed solution.

.90x + .75y = .78(20)
x +y =20

Truth set: {(%,16)]
He should use 4 dQuarts of the 90% solutilon.

If the average speed of car A 1s a miles per'houf

and the average speed of car B is b . miles per hour,.....

“ then

300 _ 275 _ 1
a o) 2
300 _ 240 1
a - b 75

Truth set: {(60,50)}

At's average speed was 60 m.p.h. and
B's average speed was 50 m.p.h.

[page 48U4]
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3§ Page 485, The system of inequalities denoted by
' X +2y -4>0
2x - y-3>0
is a shorthand for the compound open sentence
X+2y -4 >0 and 2x -y - 3 > 0.

The graph of this system 1s, of course, the graph of the compound
open sentence.
Page 485. 1In drawing the graph of an inequality

Az + By + C > 0, (B # 0)
write the inequality in the form
(1) y>--5 (3>0),

Wl oo

(2) y<-gx-5 (B<O),

whichever 1s appropriate. On the line

(3) Ax + By + C = 0,

v = - %x - %. Thus, for a glven value of x, (x,y) satisfies

equation (1) if the point (x,y) is above the 1line, since the
ordinate of thils point is greater than '

B g. On the other hand, for a given value of X, (x,y) sat-
B "B ;e ‘

isfies equation (2) if the point (x,y) 1s below the line. In
... general, thée graph of (1) is the set of points above the line

- (3); the graph of (2) is the set of points below the line (3).
 Page 486. The graph of the system

| 3 -2 -5=0

X+3y -9<£0

:v_is the portion of tﬁé line 3x - 2y - 5 = 0 which is below or
on the line x + 3y - 9 = 0.

[pages 485-486]

960

525 .



526

Answers to Problem Set 15-2a; page 487:

The truth set of each open sentence in Problems 1, 2, 5, 6, 7
consists of all points in the doubly shaded regions of the graph,
together with all points of the solid line boundaries of these

, regions., In Problems 3 and /, the truth set is the portion of
 ‘the solid line inside the shaded region. -

I 2.

QR
90000
d%%%&

%

<

KK
2020%0%
0202 %%
:3%%%‘
SRR
SRRAIRRIIN
ERERLI
20500 % %%
S
o000 %0 %%
o200 0 % %%
‘*@%%%%g
SRR

Q

N
N
N ;\\\\\\\i\\\\\\ \\\

©
> \/
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g.

The empty set,

(page 487)
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© .Answers to Problem Set 15-2b; page 488:

The graphs of all the open sentences in Problems 1-3 of this
set of problems consists of all pointé in all the shaded areas to-
gether with all points of the solid line boundaries of these regicns.i
'_ In Problem 4, the graph is the doubly shaded regilon. '

1. o’:. 4 2.
S :

%
g

5
‘ ; ‘2 X \ N2%%
’:»\bo-’ia /% §3‘ y \‘3}%
\ ) / N e /
\\\ ii‘.‘i \ ﬁ?\y ;D //<:
\
AN
' 263
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Page 488. The graph of

(x -y -2)(x+y~-2)<0
1s the graph of

X -y -2<0 and x +y-2>0

“or
X-y-2>0 and x +y - 2 < 0,

~ The graph consists of the two reglons which are singly shaded.

264
[page 488]
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Answers to Problem Set 12-2¢; pages 489-490;

The graphs of the truth sets here consist of all points in
the unshaded and the doubly shaded reglons of the figures.

1(a) _ 1(b)

l(c 1(d b4
(e) ()
\ ANAVY \
VRRANERAR AN
T W5
O 2N
INBaiEAL TS
\ N , I
e A e
VAT AU SR N
LT ORISR
\ SR INRN
MM NNSNNDN
TR NSNS
ANTAAS NG SN NN
RN RS

The null 'set, 4.

[page 489]
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2(b)

Truth set:
All-points on both lines, -

©2(c) vy 2(d)

&5
W! 000
022022 %%

RS
P s
*\§>\ ORI

N Feletede %%

The truth set is doubly shaded region. The truth set is doubly shaded region

2 (f)

The truth set is set of points on solid
line within shaded region

The truth set is whole shaded region.

[page 489)
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2(g)

Truth set is whole shaded grea

and both lines

2(h)

Truth set is the doubly shaded
and the unshaded region.

2(i)

O
SRKEEE
o0 %0205 %
LK

Al
XK

Truth set is the doubly shaded
and the unshaded regions

96T
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3(a) - 3(b)
x=0 L
\Tx=0
1 ®
?, X
J.x ,"b* .
9
[ 0
2 1 y=2
| \ y=0
/ l ‘fﬁ‘l L v \T‘

3(c)

268
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*4.

If r 1s the number of running plays and P 1s the
number of pass plays, then 3r is the number of yards
made on r running plays and 20(%) p 1s the number

of yards made on p passing plays. Since, the team is
60 yards. from the ‘goal.line, ‘

3r + %gp > 60

"1f they are to score.

30r seconds are required for r running plays, and 15p
Seconds are required for p passing plays; therefore,

30r + 15p < 5(60) )
These two inequalities give the equivalent system

20p + 9r > 180 (p and r are non-negative
p+2r < 20 integers.)

The graph of this system is

L

,

—

:11
:Il

4

|
T
N
{
1|
Q)
i

H
I,,l
!
1
i
.
‘V
Ot
!
i
y
L= |
| Qo
L o~
!y
i%
I
7
n
L
o

269
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It is evident there are 48 dJifferent combinations of r
and 'pv which wlll assure success, for example, 2 running and
10 passing, etc. However, there are some comblnatlions which. leave
] smaller'time.remainihg, thus gilving the opponents less ﬁime to

sry to score. These are the points of the graph nearest th¢ line -

y + 2r = 20.

270
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Answers to Review Problems; pages 490-492:

1. (a) As an equation in one variable, the truth set of

(v)

2. (a)‘

(v)

"ox - 3 = O" 1is [(%)} and its graph is:

3
T | B |

-2 -l 0 1 2

As an equation in two variables, 1ts truth set 1s

the set of all ordered pairs of real numbers with e

first number . Its graph is
y

ot

it

—‘L 2x;3=0

VRS

As a sentence in one variable, the truth set of
" |yl < 3" 1is the set of all y such that
-3 <y <3, and its graph is:

L - I ™ s
— t

—— —— Ol escasimenss) .
-4 -3 -2 - 0 | 2 3 4

As a sentence in two varlables, its truth set 1s the
set of all ordered pairs of real numbers with second.
number between -3 and 3. The graph 1s the shaded -
portion of: y ' S

7

%,
[page 490]
o971




(b)

(c)

(d)

(e)

537

The sentences are not equivalent, because the truth
set of "x -2=0 and x-1=0" 1s @ (x can-
not be both 2 and 1.)

They are equivalent. The operatlon of multiplying
by x2 + 1 1leads to an equivalent sentence.

Not equivalent. The graph of X y > O contains all
points in the first and third quadrants, Wwhereas the
graph of "x > 0 or y > 0" contains all points in
quadrants I, II, and IV. '

Not equivalent. The truth set of (y - 1) = 2(x-1)
includes the element (1,1), whereas the truth set

of %}% = 2 does not include (1,1).

They are equivalent, Both have the truth set
((6,-3)1.

The 1ine a(3x - 5y - 4) + b(2x + 3y + 4) = 0 contailns
the point of intersection for any numbers a and b,
not both 0. Let a =-2 and b =3, Then

2(3x -5y - 4) +3(2x +3y + 4) =0
19y + 20 = O

is the equation of the required horizontal line, Let

a =

3

and b = 5. Then,

3(3x - 5y - 4) + 5(2x + 3y + 4) =0
19x + 8 =0

is the equation of the required vertical line.

(a)
(p)
(c)

((5,3)} (a) #
(('2:"1)] (e) ((6,"5)]

Set of all solu- (f) {(24,9))
tions of either
equation.

272
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()

(c)

AV
—X

The lines AX + By + C =0 and Dx + By + F =0
are parallel if and only if either B = E = 0,

A C A B C .

D/ F D
If F=E-F the equatilons represent the same

non-vertical line.

Two lines have exactly one common point 1f and only
if both have slopes and their slopes are different,
or if one has a slope and the other does not,

(o)

1
T T
-
-

T\
[
o
-W‘
\

Pl
N-
xq

N

| bi¢

(@]
‘i:,
=

b4

//
3 1 i
——
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(e) .

"ly + 3x|
~-(y + 3x)

8. (a)fy
L. X

Truth set {(28,29)]

()

(c)

(d)

e
.
|

>
>

+

2" 1s equivalent.to "y + 3x > 2 or
i
x + 1 .

=57, x and y integers.

X4+y=

3, X ‘and y integers.

Truth set: @

-¥='><‘<

+

-+

.8x + 6.0y = 110. Truth set,-[(8%, 11%)}

= U5
Ux + 5 Truth set: ((8,37)}
y = 20

274
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Suggested Test Items

1. Draw the graphs of the truth sets of the following.
sentences: )

(a) x=2 and 2x -3y +5 =0
(b) y-3=0 or x+y=1
(¢) (2x - 1)(x+y) =0
2, © Coniider the system of equatlons,--
34y ~-5=0
2x - 3y + 4 = 0,

(a) Estimate the truth set of this system by drawing
- graphs of the two equations.

(b) Select a value of a and a value of b such that
a(3x +y - 5) +b(2x - 3y +4) =0

is the equatlion of a horizontal line containing the
point of Iintersection of the two given lines,.

(c) Write each of the glven equations in y-form and
solve the equation obtained by equating these two
resulting expressions in X,

(d) Explain the relatlonship between the results of
parts (a), (b) and (c).

3. Solve the following systems by any methods. In each case
explain why you chose¢ a particular method.

(a) v=-2x+1
y=3x-4

(b) y=-2x + 1
3X + 2y =14

(c) X - 2y + 3'= 0

x « 5y + 6 =0

275 -




)
ﬁ ] 1=0
- 4 =
S
(1
(e) X -y +3=0

. (£) Jy-3x=3
X = % ‘+ 1 =0

N\

4, Without solving, determine which of the following systems
have exactly one solution, which have many solutions,
which have no solution.

(a) { 3% = by - 2

8y +6x +2 =0

(b) J %x +3 =2y
X -2y =2
(c) J l% + 2%y = X

3 =X + 2.5y
(d) | 2x - gy -1=0

\/

%x - gy +2=0
(e) 5y = 4 - Lix

8x + 10y =8
(£) %x + %y =1

A2X +y = 2
In problems 5-10, translate into open sentences and solve.

5. Two numbers are such that their difference is 3 and
their average is 6. What are the numbers?
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10.

11.

-Can two integers be found whose difference is 13 and

the sum of whose successors is 289

The digits of an integer between O and 100 have the
sum 12, and the tens digit is 3 more than twice the
units digit. What 1s the integer?

If the digits of an integer between. O and 10C are
reversed, the resulting integer 1s 45 greater than

the given integer. What 1is the integer if the sum of
its digits is 11°?

A man made two investments, the first at 4% and the
second at 6%. He received a yearly income from them of
$400, If the total investment was $8,000, how much
did he invest at each rate?

How many pounds each of g5-cent and 90-cent coffee
must be mixed to obtain a mixture of 90 pounds to be
sold for 92 cents per pound?

With respect to separate sets of axes draw the graphs of:

(a) 2x +3 >0 (d) y<x+1 or
y-3<0 | S 2X -y <O

(p) y<x+1 (e) (x+y-1)(ex-y)>o.
2X -y <0

(¢) 2x +3 >0 or
y-3<0

27



Chapter 16

QUADRATIC POLYNOMIALS

y This chapter continues the work on graphs which was started in
Chapter 14, After graphing some general quadratic polynomials of
_the form Ax2.4.Bx + C by drawing curves through selected points,
we examine the parabola which i1s the graph of the simple polynomial
‘x2. We note the changes in the graph as x2 is multiplied by a,
‘as some number h 1s added to x, and as some number k 1is added
‘to x°. We then generalize about the graph of a(x‘—h)2 + k - where

' a; h, and k are real numbers and a # 0. This leads us to use
the method of completing the square to change any quadratlic poly-
nomial into the standard form a(x—h)2 + k. We finally use the

method of completing the square to solve quadratic equations.

T16-1 - . Graphs of Quadratic Polynomials
Page 493. -2(x + l)2 + 3 1s a quadratic polynomlal, since 1t 1is
equal to ~2x2 - 4x + 1 for all values of x.
Example 1.
y = x2 - 2x - 3
xla [-3 |a|-2 o L 12| 22| 2|3 |u
2 3 2 3 2
11 1 3
o3 o[ 3 o[22 e e
Answers to Problem Set 16-la; page 494: Py
1 1 | o
1. x —2'-1|—§‘o'§l1|2 :\
al 2] loli|2]|3 | To
y . 5 ) \ I*
: s o
lq-‘
0 2 X

278
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Paze 495.
x |-3 [-2 -% -1 -% -0.1 |0 % 1 % 2! 3
2 9 1 1 16
X 9 h by 1 T .01 0 —9- 1 ——g L 9
2 18 | 8! 2| 2 ]3| .02 |0 % 2 §§ 8 |18
1219 91 1|1 1{ 11| 8 9
=" |5|2|l5|3|8| % |[Om|3|3]|2]| 3
1.2 1.9 91. 1 1.1 _.1j.11 8 9
=X -5 -2 "'8' "'"2‘ "-8- -.005 0 —-é- ~-§ -2 5

Answers to Problem Set 16-1b; page 496:
2

1. The graph of 2x can be obtained by multiplying each ordi-

nate of x° by 2.

2; Tne grapn of -%xg can be obtained by rotating the graph of

lxg one-half_revolution about the x-axis.

2
3- X ""1 "-8 I "-6| "-5 |"'-l!h |‘~2 I"‘ul _.;;-_;::*.. _.‘.’:_‘ .
] o Sl s o
v | 5 3.2l 1.8 |1.25 ‘ .8 ' .2 l.os N RS NN W
—_ie 4-—4-" !l -
i I
x | o] .1 ‘.2 |.u ‘ .5 l .6 | .8 |1 : = -
- 3 s
v l 0|.05 l.z |.8 ‘1.25 |1.8 |3.2 |5 T e T
A2 L L —
: - —
= = _
Enup
i%*i;w !
ot ‘

[pages 495-496]
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5. The graph of —5x2 can be obtained by rotating the graph of

5x2 one-half revolution about the x-axis.,

6. The graph of —fax2 can be obtained by rotating the graph of

‘“axg one-hal” revolution about the x-axils,

Page 497.
y =-% (x - 3)2
elo| 5[a]3[z | 2|5 | %5
v[21% 28]z |12 o]z |2 |

We can obtaln the graph of y = -(x + 3)2 by moving the

graph of y = -x2v three units to the left.
[pages 496-498]
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Answers to Problem Set 16-1c; page 498:

1. A 2(x + 2)2 ‘
H
151 5,181 : y
% -4 -3 -5 2 = 1|0 L \ |
1 l - N i
TEER R et
w VI e
You can obtain the graph of _‘?i \ \l/ 3|l ] N
__.—._‘:3 \ -.\_____.
v = 2(x + 2)2 by moving the —t " 2
. b1
graph of y = 2x2 two units N
of I 2 3 [Xx
to the left. T

2. (a) You can obtain the graph of y = 3(x + 4)2 by moving

2

the graph. of y = 3x four units to the left.

(b) You can obtain the graph of y = -2(x .- 3)2 by moving

2

the graph of y = -2x three units to the right,

(¢) You can obtain the graph of y =-%(x +1)° by moving

the graph of y = —%xg one unit to the left.

{(d) You can obtain the graph of vy ='%(x + %)2 by moving

the graph of y = .2 one-half unit to the left.

(1.'!

3. The graph of y = a(x - n) where a and h are real.num-
bers and a # O can be obtained by moving the graph of
y = ax® [n] units to the rigﬁt if h 1s positive, and |h|
units to the left if h 1s negative.

Page 499.
= ~(x - 3) 2 + 2
1 3 . 13
X 0 3 . 5 ' 2 ‘ 2.5 ‘ 3 ‘ 'y ‘ 4 ' 5
13 {50 251 5 651 5
1’"2“[_'9' l"?|§}2125|?|§§l§‘4
233

[pages 498-499]
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Page 599-_The vertex of the parabola whose equation is

y = 3(x -3)2 + 2 1s the point (3,2). Note that this is the

point that the origin (0,0} goes to when all points of the plane

are moved 3 units to the right and 2 units upward. The origihw;<

1s the vertex of any parabola of the form axZ, L
The axls of the parabola is the line whose equation is x = 3.

Answers to Problem Set 16-1d; page 501:

l.‘ The graph of x> - 3 can 1\ y 1
be obtained by sliding the ]
graph of x2 dovm 3 units. ‘ % ’°{>
The graph of x° + 3 can be \ =§
H
obtalned by sliding the graph \\\ f]
of ~ x° up 3 units. \ /
L]
VAN Y
\ NIA [
\[o I/ X
M
{-vl
X
|
2. The graph of 2(x - 2)2 + 3
can be obtalned by sliding y
the graph of 2x2 to the : \ 1 L
m
right two units and up three \ / S
- ! ~ 1
- units. ‘ \j jz“-
N
\. Ifas)
BERWE ?*J
et :,-:: o é T X
284  LTTTTTT

- [pages 500-501]




3. The graph of y = (x + 1)2 - % y
" can be obtalned by sliding
the graph of x2 to the left \ j[ »
!
one unit and down one-half \ /| =
1 A [
unit. Its vertex is (-1,-%). e
) 2 o JI >
The equation of its axis 1s i
AN
x = -1l. >'/ O 2 3 [x
("'o‘?‘)
1
1,2 .
4, The graph of y = -2(x +.§) + 3
can be obtained by sliding the
graph of —2x2 to the left y
one-half unit and up three
. ("7-03) i
unilts. ~ :
. g 2 ;
1N |
ol | 2 [x;
" \ '
wt \
| \
x | \
i \
(] 3
2 A =]l
5. (a) v =(x+5)" -2, i .
(b) ¥y =-(x+2)° + 3.
1 1.2
(¢) v =75(x-%°%-1.

6. (a) The graph of y = 3x2 '1s moved two units to the right
and four units downward. ' '

(v) Tae graph of y = -x2 is moved three units to the left

and one unlt upward.

[page 501] |
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(¢) The graph of ¥y = %xg 1s moved two units to the right

and two units downward.

(@) The graph of y = -2x° 1s moved one unit to the left
and two unlits upard.

16-2. standard Forms

, We dlscuss 1n detail and provide practice in changing guad-
ratic polynomials to the standard form 2a(x - h)2 + k for two

reasons. Flrst, we have already shown how qulckly the graph may be

sketched from thlis form. Second, we shall show its application to
the solving of quadratic equations.

Answers to Problem Set 16-2; pages 503-5C":

1. (a) x° - 2x = (x2 - 2x +1) -1
= (x - 1)°
2

-1

(0) x® +x +1 = (x= + x + %) +1 - %
= (x +%)2 + %

(c) x° 4+ 6x = (x2 + 6x + 9) - 9 ‘ e

= (x+3)%-09
(a) x2-3x-2=(x2-3x+19r)—2—19r
. 3,2 17
= (x-3)° -7
() x° -3x+2=(x*-3x+§) +2-7
- (x-2%- ¢
(f) 5x° - 10x - 5= 5(x° - 2x + 1) - 5 - 5(1)
= 5(x - 1)% - 10

[pages 501-503]
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(g) ux® + 1 (or: 4(x - 0)2 + )

(h) x° +kx = (x° + kx +-§3) - %E
SRS SOk =
(1) x° +/Tx - 1 = (x° +/7 % +-%) -1 _.%
- x4 PR - 2
(J) %xe - 3% + 2 = %(xg.- 6x + 9) + 2 - %
=%_—(x-3)2-%
2. (a) x°-x+2-= (x° - x +'%5 4o - %
i x-b2s1
(b) x2 +3x +1 = (x> + 3x +-%) +1 - %
| =,(x+%)2-,f—
(c) 3x2_- 2x = 3(x° - %x + %) - %
-3k - 3 - 3
(@) (x +5)(x - 3) = x? - 25 (or: (x - 0)2 - 25)
(e) 6x° - x - 15 = 6(x° - %x‘+ T%E) - 15 - éﬁ
= 6(x - 7)% - 155

(£) (x+1 -V/2)(x +1 +/2) = (x + 1)2 -2
3. (a) The'graph of x> -x +2 is a parabola wlth vertex
(% s %) and axis x =4%. It is obtalned by moving the
graph of y = x° to the right %. unit and upward l%

units.

287

{page 503]




553

(b) The graph of x2 + 3x +1 1s a parabola with vertex‘v
(—% , -1?-) and axis x = “%' It is obtained by moving
the graph of ¥y = x2 to the left 1%— units and downward
1} units.

(¢c) The graph of 3x2 - 2x is a parabola with vertex

(%-. , —-J%) and axls x = %— It 1s obtained by moving the

graph of y = 3x2 to the right —Jé- unit and downward
%— unit,

(d) The graph of (x + 5)(x - 5) 1s a parabola with vertex

{0, -25) and axis x = 0. It is obtained by moving the

graph of y=x'2 downward 25 units.

(e) The graph of 6x° - x - 15 1s a parabola with vertex

-1‘,—, -152) and axis x = L., It 1is obtained by moving
12 2 12

the graph of y = 6x2 to the right %5 unit and downward

15—% units.
(f) The graph of (x + 1 -/2)(x + 1 ++/2) 1s a parabola

with vertex (-1, -2) and axis x = -1. It is obtained
by moving the graph of Yy = x2 to the left one unit and
downward two units.

L, x2+6x+5

i

(x2+6>{+9)+5—9

[y
= (x + 3)2 -4 -
The graph crosses the _\;‘\ I
—¥ 2
x-axis in two points. These _‘_@Y /1]
$ A £
X
are (-1,0) and (-5, 0). 0\\\ y 0 2 5 Ix
\ /

[pages 503-504]

| 288




554

5. x% 4 6x + 9 = (x + 3)2

The graph does not cross

J e
et

the x-axls. It touches it

at one point: (-3, 0).

6. x° + 6x + 13 (x2 +6x +9) +13 -9

(x + 3)2 + U

The graph does not

cross, nor touch, the x-axls.

*Gx+w

x!

P~

y=

T

239

[page 504]
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If y =0 in Problem 4, then

x2 + 6x + 5

It
o

(x + 5)(x + 1)

il
o

X+5=0 or x+1=0 S
x=-5 or x=-1
are all equivalent., Hence the truth set of the equatlon
Is (-5, -1}.
If y =0 1n Problem 5, then
,x2 + 6x + 9

Mx o+ 3)(x + 3)

it

0
0

x+3 =0 or x+3 =0

| x=-3 or x=-3
are all eqguivalent, Hence'the truth set of the equation
is (-3}.

In each case, the members of the truth set of the equa-
tion are the same as the absclssas of the polnts where the
parabola crosses the x-axis,

The points 1n which a parabola crosses the x-axis will
be those points whose abscissas are members of the truth set
of the equation of the parabola, and whose ordinates are O.

Polynomial ~ Standard form
Problem 4. x° +6x+ 5 (x + 3)2 -4
Problem 5. x° + 6x + 9 (x + 3)2 -0
Problem 6. x° & 6x + 13 (x - 3)2 + 4
290
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The polynomial in Problem 4 can be factored as the
difference of two squares, as follows:

x° + 6x + 5 (x + 3)2 -4
(x +3)2 - (2)2

(x +3 +2)(x +3 - 2)

(x +5)(x + 1)

16-3. Quadratic Equations

Page505. 2x9 - 3x +1

i

0
(ex - 1)(x -1) =0
2x - 1=0 or x-1=0
b'd ='% or x =1
are all equlvalent, Hence the truth set of the equation
is (%, 1}.
Page566. For every real number x, x-1 1s also real. Hence

(x - 1)2 1s greater than or equal to 0, since the square of a

real number cannot be negative.

Answers to Problem Set 16-3; pages 507-509:
1. - (a) (3x - 5)(2x + 3)

(v) cannot be factored over the real numbers,
(e) (x2 4+ 8x + 16) - 16 + 3 = (x + 4)2 - 13
(x + 4 +/I3)(x + 4 -/13)

[pages 5045071
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(d) Cannot be factored over the real numbers.

(e) (x +/3)(x -V3) |

(£). (3x - 2)(3x - 2) .

@) (V2(x - 1) +4/B)(JB(x - 1) -V/5)
= (V2 x -2 +/B) (V2 x -V2 -V5)

(h) x(3 - 2x) .

2. (a) X% 4+ 6x + 4 =0

(x2 +6x +9) +4-9=0
(x +3)2 - 5=0
(x +3 +/B)(x + 3 -/5) =0
x +3 +/5=0 or x+3 -/5=0
x = -3 -/5 or x = -3 +/5

are all equivalent. Hence the truth set of the equation

1s (-3 - /5, -3 +4/5).

(v) - 2x° - 5x = 12
2X2 - B5x - 12 =0
2(x2 -'%x + %%) - 12 - %g =0
2(x -~%)2 - %%? =0

(x _.%)2 _ %?1 =0 ’

are all equivalent. Hence the truth set of the equation

is L~§, 4}. Note that.in this problem we could write

ox2 _ Bx - 12

i

(2x + 3)(x-- %) and obtain the truth
- \ - . . . . . . . e -

set from this factored form.

[pése 507]
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0

(c) ' x2 + U4x 4+ 6
(x° +4x +4) +6 -4 =0
0

(x +2)% + 2

are all equivalent. However - (x + 2)2 + 2 «annot be
~ factored over the real numbers, and the truth set of
the equation is g,
2

‘(d) x 2x + U
x2 -2x - 4 =0

(x® - 2x +1) - 4 -1 =0

(x - 1)2 - 5 =0
(x - 1-+v@5(x - 1ﬂ5y@ﬂ= 0
X - 1-+v@;= 0 or x - 1'-~f§ =0
Xx =1 —V@; or 'x = 1_+~/§_ _
-are all equivalenf. Hence the truth sef of the equation

is {1 -5, 1 +./5].

2

(e) | | 2%2 = Ux - 11
2x2 -Ux +11 =0
2(x2 -2 +1) +11-2=0 T
2(x - 1)% +9 =0

are all equivaient. However, 2(x - 1)2 + 9 cannot he
factored over the real numbers. Hence the truth set of
the equation is g.

' | 293
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(£) . 12x% - 8x = 15 ok
12x° - 8x - 15 = Y
12(x? - 2x +3) —15—192=0
12(x - 32 - 2L =0
h(x - —)2 %; =0

(2(x - 3) + Dielx - l)

2 = 9.
2x + 3= 0 or o 5= 0

wkq
-
I
(e

2 T = 3
'6 OI' X —-?-

are all equivalent. Hence the truth set of the‘equatidn'
1s {- '6’ 2} (Note that 12x° - 8x - 15 can be factored‘:
as a polynomial over the integers.) | '
-3(x% - 2x) - 5

-3(x® - 2x +1) - 5 - (-3)

-3(x - l)2 -2

L 3. L _3x° 4 6x - 5

From the eguatlon 1in standard form we can see that the
vertex of the parabola is the point (l, -2).

Since the coefficient of (x - 1) is negative, the
parabola opens downward, and -2 is‘the largest value the
polynomial -3x° + 6x - 5 can have.. '

ﬁ. x2 - 3x + 21 (x2 - 8x) + 21

= (x° - 8x + 16) + 21 - 16
= (x - 4)2
The vertex of the parabola which is the graph of the

polynomial'is'the-point (4, 5), Since this parabola opens
upward, the least value.of the polynomial 1s. 5..

Sy

294
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It may have many values greater than 5,
Its values are integral for integral values of X5
but not for all real values of X,

.-5.'. ' 2x2 - hx - l 0 | 0
2(x - 1) L3 B L
(V2(x - 1) +/3)(V2(x - l)'-vﬁﬂ o . |

Jox -yT+/T=0 on J2x -/T -/T =0

/2 -3 2 +/3
X = f——-F—= or X ===
are all equivalent. Hence the truth:set-of" the equation iS’f~f
vr'_ Vr" ~/—.+~/— ). S
2 . . c
In Chapter 111 we learned to rationalize the denom-
inator; nence we see that the truth set can also be written

0 S o148
6. If the number of feet in the width is x and the number -

of feet in the perimeter is 94 then the number of feet in.
the length is . 47 - x. The number of square feet in the area
1s x(47 - x). ' o

kg6 - .
0 i

x(47 - x)
x2 - 4Tx + 496

- (x® - 47x + 2522) + 496 - 252 = 0
(x - %})2 -2 .0
- -3 o

6?. x = 31

M
no
.
(0)}

[pages 507-508]
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are all equivalent. Hence the truth set of the equatlon 1s
i (16, 31)}. Wnhen x = 16, U7 - x = 31. Tae width 1s
1 ft., and the length is 31 ft. !

As you see x2 - 47x + 496 1s factorable over the

Cy

incegers so 1t would not have been necessary to use the
method of compl&ting the square 1in thils case. '
The student might try to do thils problem using two

variables: .
If the rectangle i1s x feet wide anc y feet
long, then o
{EX + 2y = 94
xy = 4956
X +y =47
xy = 496
' y= U7 -x
{ xy = 496
y = U7 - bd

x(47 - x) = 496

Although this involves a quadratic equation in two variables,
the student may see that the "substitutlon" method reduces
it to an equation in one variable.

N If the sheet of metal is x inches wide, it is x + 8
' inches long.

’7r—r""— __,-—_'l

Tne box 1s ' . : | I

x - 4 1Inches .'I — '

wide, X" k—2"— !

x + 8 - 4 inches ___“__“___r 1
long, ana 2 dnekes | | | 1

deep. K "I B : —

o le , (X +8)™- —=

[pa;e 508]
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2(x - 4)(x + 4) =256 and x > O

2(x% - 16) = 256 and x > O
x2 - 16 = 128 and x>0
X2 - 144 = o and x > O _

0O and x>0

U (x +12)(x - 12)
' X+12=0 or x-12=0, and x > O
x = -12 or x =12, and x > 0

are all eguivalent. Hence the truth set of the sentence
is {12}.

The sheet of metal is 12 inches wide and 20 inches long.

8. .
(a) (v) e
| MTRRGN :“4-
g \\ . )
NN 5
N\ / N | 4
N TEEEIE NN IRy
AR RREF RRBLRaTd
ST N 2 : |
ST NSNS 1
- 3 h 2 /
AT ONNRR 1
N Y USNNINN v
0 : X .
Py

s : The graph 1s the two
= points (1,4%) and (3,4).

297
[page 508]




-

(c) @

A\ Y. S 1 Y ""—
N \ 1
r4 .
\ l 1 \;?-‘ : “-\” /
Jo ! %X »®
[N ‘ ,‘L\ \ “,‘ l 'o..
Read | [ N AR ¥
I \ N ol ' ©
B e \ %
S ‘| N )
| ‘ /RSN
N A N
- y l

(d) Ve recall here that y = x2 - 6|x] + 5 implies:

x° - 6x + 5, x >0

o ’ ¥ =rx2 4 6x + 5, x < O..

g, If one leg is y feet long, the other leg is y - 1 feet
long, énd the hypotenuse is y + 8 feet long.
24 (y-12=(y+ 8)2 ana y >0
Truth set: {21]}.

The lengths of the sides of the triangle are 20 feet, 21

feet, and 23 feet.

10. If the window is h feet above the ground,
the rope is h + 8 feet long.

2 . an2 '\ 2
h® +28° = (h +8) and h > 0.
Truth set: {(45].
The window 1s 45 feet above
the ground. o  ana
- 208
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11. If a leg of the trlangle is x feet long.

x2 + x2 = 3 and x > O

w
B “o
Aomgmd

Trutn set: {

ml

3V2

5 units long.

Fach leg is

12, If the dlagonal is d 1inches long, a side is d - 2 1inches
long. '

2 2

+(d - 2)° = d® and d>o0
Trutn set: (4 + 2./2].
Tne diagonal is 4 + 242 1inches long.

(@ - 2)

13. If the sheet is t feet long, the width is t-3 feet.

o]
t(t - 3) = 46& and t > 0
Truth set: [%;]
.. . 'Tne sheet is 8% feet long.
14. If n 1is one of the numbers, 9 - n is the other number.
2 2 '
n~ - (9-n)° =25
Truth set: (23
? 3 23
The numbers are %; and -

215, If n 1s the number
1n +n? = 11 |
Truth set: (-7 + 2./15, -7 - 2./15}

The number is (-7 + 24/15) or (-7 - 2+/15).

[pages 5575-509]
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16, If his average speed going was & mlles per hour, then his
average speed returning was g -~ 6 miles per hour.

336 _ 336

—— I

g-0 g
Truth set: ({48}

+ 1 g >0

The average speed was 48 miles per hour golng and 42
miles per hour returning.

17. If x is the number,
% =4 and x # O.
Truth set: {2 +4/3, 2 -4/3}.

Tne numpber is elther 2 ++/3 or 2 -+/3

X +

Answers to Review Problems; pages 509-510:
3 1 1 3
1. (a) x|-2|-5|-1 -§‘o|-2-|1‘-2-,2
yllel%zlslglol%'dl%—lle
y
\
| |
T »
Ul e
\L1
__E' -
1/ i
o | 2 3
[page 509]
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(b)

\
\l

(c)

301
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(a)  3x(x - 3) = 3x° - 9x
| —3(x2 -+ ) -

- 3(x _%)2 27
y
2
| |

ol !l 2 %

VS
A\l
\ |/

(e) The graph of (d) can be obtailned by moving the graph

of (a) % units to the right and %; units down.
2. (a) y = -x°
(b) ¥y = X2 + 3
(¢) vy = (x+2)°
@ y=(x-1%-2

302
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3. (a) Line
(b) Parabola
(¢) Pair of lines: y=x ory = -x
(d) Line
(e) Line
(f) Parabola

(g) Parabola

(h) Line
(1) Point
4,  (a) ‘
(i) The graph crosses the y-axis at a point where x = 0.

When x = O, x2 + 2x - 8 = -8.
The graph crosses the y-axis at -8.

(11) The graph crosses the x-axis at points where
x2 +2x -8=0

e (x -2)(x+4) =0
X-2=0 or x+4=0
X =2 or X = -4
The graph crosses the x-axis at 2 and at -4.

(111) The largest or smallest value of the polynomial is the
the ordinate of the vertex of the parabola.

x° + 2 - 8

(x2 +2x +1) -1-8

(x-1)% -9 |
The vertex is at (1, -9) and the parabola opens
upward.

The smallest value is -9.

Lpase 510]
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(b) (1) 3; (ii) Does not cross the x-axis; (1ii) Small-
est value at 2.

(¢) (1) #; (i1) 2 and -2; (11i) ILargest value at 4.

(a) (1) 4; (11) 4; No largest or smallest value. The
graph is a line.

(e) (1) 12; (41) % and -3; (1i1) ILargest value at %?.
(£) (1) o0; (41) 0; (i111i) Smallest value at O.

5. (a) (7, @ (@) &.5)
(o) (1 +v2, 1 -2} (e) (2 +/3, 2 -/3}
(c) [% ,-%} (f) Tne set of all real numbers.

6. If one of the numbers is n,
the other 1s 9 - n, and
their product is n(9 - n).

n(9 - n) =9n - n2
= -(n® - on + %}) + g%
- -2

81)

The vertex of the parabola 1s (%, ! and it oens

downward. Hence, the value of n which makes (9§ - n)

largest 1. %‘

The numbers are % and -%.
(n2 - 10n + 25) + 150

(n - 5)2 + 150

The vertex sf the paravola is at (5, 150).
He should mznufacture 5 boats a day; this will result in a
minimum cost of $150 per Loat.

7. n° - 10n + 175

]

[page 510]
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Chapter 16
Suggested Test Items

1. Draw a graph of y = x2.

2

(a) Explain how the graph of y = -x“ can be obtained  ;f

from the graph of y = x2 .

(b) Explain how the graph of y x° + 6 can be obtained:

from the graph of y = x2.

2. Put each of the followlng in standard form and draw its

graph.
(a) X2 - 2x - 3 (d) 2x° + Ux + 8
(b) . x +7) (e} (2x + 1)(2x - 5)
(¢) ¢ - & - x° (£)  (x - 3)(x + 3)
30 SOlve. -
(a) <xFa+sx+4=0 (a) x2 ~2Vax +1 = 0.
(b) 4%° + & = 8x (e) x° -~ 2x +2 =0
(¢) &% ¢ I=hx (£) x(x+1) - (x +1) = x° + 13
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The polynomial "2 | 6x + 16" may never have a Vvalue less

than what positive lnteger?

Two successlive prime numbers differ by 2 and their product

is 899, Find the numbers.

Each dimension of an 8' by 12' room is increased the same
amount. The floor space 1s increased 224 square feet.

Find the length and width of the new room.

306



Chapter 17
FUNCTIONS

©17-1. The Function Concept. .
: This chapter treats one of the most important and most basic
- 1deas in mathematics - the idea of a function. It 1s included here
“for those selected classes of better students, as well as exception-
;}al individuals, who are able to move ahead fast enough to complete"‘”
" the previous material in less than the expected number of lessons.
}?The‘teadher can find additional discussion of this concept in
'_Studies in Mathematics, Volume III, pages 6.17-6.25.-

~ In the past it has been customary to postpone a careful study
' of functions to a much more advanced mathematical setting. Because
-of this, the subJect 1s surrounded . by an aurora of- difficulty which
is completely undeserved. Thé idea.is simple and, as will become
- evident as we proceed, 1s involved implicitly in our most elementarYﬁ:
consids -ations. In this respect the function c¢oncept is in the _
- same c«-.2gory as the set concept. Incidentally, the set concept is
another good example of an ldea which was 1nvolved implicitly in 'ff
many mathematical situations long pbefore it was finally separated .
out and studied carefully -in its own right. As yet another 1llus- o
tration of this phenomenon, we mention the general ACD properties
euof addition and multiplication which.are implicit in all of arith-
“metic but ave not made expliclt until the’study of algebra.
' Page 512. The completed postage table is
ounces %- % % 1 l% 1 l% 2 2% ‘ég 2% 3 ~3% cee
cents {4 |4 |4 |4 ]| 8 8{8 |12 |12 |12|12 |16

o | PO

Answers to Problem Set 17 - la; pages 513-515:

1. (a) The assoclation is from the set of all positlve integers
to all odd positive integers. Slnce we oBviously cannot
1ist all odd integers, the table can only suggest the full
assoclation. The odd integers assoclated with 13 and
1000 are 25 and 1999 respeetively.
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(b)

A rule for the assoclation might be stated as "with each
positive integer n assocliate the nth odd positive |
integer." Another way of giving this assoclation 1is
"with each positive integer n assoclate the integer
2n-1."

The machine picture can only suggest the full association
described here. The association 1n from & - - ;i all
positive real numbers to the set of all real numbers
greatsr than -1l. The machine will give the number '33_ -
when fed the number 17. It will rejJect the numbers O
and -1 since it is "constructed" to accept only pos-.
itive real numbers. -

Some teachers like to emphasiée the machilne ideq
much more than we have done here. If you are one of
these, go aheadl! The machine can also be used to visu-
alize all of the algebralc operations. For example, an
addition machine might be pictured as follows:

ﬁ—oﬂ"‘b

Notice that this suggests that the operation of addition
can be regarded as a function which assoclates with each
ordercd palr of real numbers a real number. ‘

[pages 513-514]
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(¢) The association here is from the set of all real numbers
to the set of all real numbers. The assoclation can be -
__represented as follows:

5 3 ) ! " 5
-5 -2 -5 -I - O - ' 2 5 3
$——rt + . ———————+ o
\\ \\
Y \
Y \ 'y
} —t t ! +E<— —t <=5
& 5 -4 3 -2 o | .2 3 4 5 20-1 20

In order to determine what number iS‘associated with any .
real number a on the upper line, we observe first that, .
before the lower line is moved to the right (i.e. if O
is directly under O0), the number on the lower line dir-
ectly below a 1is 2a. This follows immediately from
the assumption that the unit on the upper line 1s twice
the unit on the lower line. Moving the lower number line
~one unit to the right from its original position has the
effect of subtracting 1 from the original coordinate of
each.point on the lower line. Therefore the number asg-~ '
soclated with a 1is 2a-l. The nuhlmber assoclated with
-13 1is -27, with 13 1s 25 and with 1000 1s 1999.
Note: It may not be worth the time that would be
required to get across to all students the above general
argument that 2a-1 is the number associated with a.
The maln purpose here is not to :study thls speclal way of
setting up an assoclation but rather to emphaslze the
" fact that an assoclation can arise in a variety of very
different ways.

309
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@

(e)

()

,(a)

This ever very important an should be ~astered

completc .,  ¢veryone. The assc .. ..on is from the set:'if:'»'j
of all real numbe.: to ) i
the set of all real num- ] 2}

bers. Notice that to b

‘each number a there 18 N

exactly one number b

" point on the line. This ' -1

. =3, with -'E is -2 and”with 13 is 25, Since the

. The association is from the set of all negative real num

sueh;that,,(a,b)“‘iS“a ' -1

is what makes 1t possi-
ble to set up the associ- RTINS
ation in this case. The number assoclated with -l :1s

y-form of the equation of the line is - y = 2x - 1, wei
conclude that the number assoclated with the number a
iS 2a“1¢ o

This association is from the set of all real numbers 't“ﬂl
such that -1 ¢ t < 1 %o the set.of all real numbers y
such that -3 ¢y < 1. Assoclated with '-~%> is the- num
ber'-ﬁ%u Since |2| > 1, no number is assoclated With,
2. ‘ '

bers to the set of all real numbers y “such that ,
V< -1, Again the number assoclated with the negative
number a 1s 2a-l1. The number assoclated with -13"
is -27. No number is assoclated with O. | \

The assoclatlon is from the set of all real numbers fkiw
such that x ¢ 1 to the set of all real numbers ‘y~ uch'f
that ¥ ¢ -3. The rule is "To each real number less. thanju
1 assign the num»er obtained by multiplying the given 5’if
number by 2 and then subtracting. 5." The rule assigns“
exactly one number to each number in the first set.

¢

[pages 514-515]
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(p) The association is from the set of all non-negative real
numbers to the set of all real numbers. The rule is "To
each non-negative real number assign numbers whose absol-
ute values are equal to the gilven number." The rule
assigns O to O and, to each positive number, the
given number and its.opposite.

(¢) Tne assoclation is from the set of all real numbers to
the set of all real numbers. The rule is "To each real
number X assign the number obtained by multiplying the

given number by 3 and then adding 7." The rule assigns
exactly one numober to each real number.

(d) The assoclation is from the set of all integers to the
set of all real numbers. The rule is "To each integer
assign those real numbers less than the gilven integer."
The rule assigns an infinite set of real numbers to each

'integer.

(e) The association is from the set of all non-negative
ratlonal numbers to tne set of all real numbers whose
squares are rational. The rule is "To each non-negative.
rational number assign those real numbers whose squares
are equal to the given rational number." The rule assigns
0 to O and, to each positive rational, 1ts two square
roots.

3. To each real number between O and 320, assoclate U4 times
the smallest lnteger which 1s greater than or equal to the
glven number.

L, The starting point here might be a machline such as the scales
which print your weignt on a card (along with your fortune).
A student who has an idea of how such scales might be con-
structed should be able to suggest the modifications and

“ o [page 515]
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additions necessary for the purpose suggested here. The 1dea,
of course, 1s to obtain another machine "picture" of an inter-
esting assoclation of numbers.

The definition of function which we have given 1s,
strictly speaking, a definition of real functlion since we have
restricted the domain and range to real numbers. In later
courses, the student will meet more general types of functions
in which the domain and range can be sets other than sets of *

real numbers. Such a function might, for example, have sets
of points in the plane as its domain of definltion. As an
111ustration, assoclate with each point (x,y) of the plqne
the abscissa x of the point. In this case the domaln 1s the
set of all points of the plane and the range 1s the set of all
real numbers. If we assoclate with each point (x,y) of the
plane the point (-x,y) the result is a function wlth both
domain and range equal to the set of all points in the plane.

In the discussion about functions, it 1s ilmportant to
emphaslze at every opportunity the followlng points:

(1) To each number in the domain of definition, the function
assigns one and only one number from the range. In other
words we do not have "multiple-valued" functions. How-
ever, the same number can be assigned to many different
elements of the domain. )

:

(2) The essential idea of function is found in the actual
assoclation from humbérs in the domain to numbers in
the range and not 1in the particular way in which the
assoclation happens to be described.

(3) Always speak of the assoclation as being.gggm the domain
to the range. This helps fix the correct idea that we
are dealing with an ordered pairing of numbers in which
theé number from the domain is mentioned first and the
assigned number from the range 1is mentioned second.

312
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(4) Not all functions can be represented by.algebraic
expressions.
Although the above points are not absolutely vital as
" far as elementary work with functions is concerned, they become
_ of central importance later. Also, many of the difficulties which
students have with the idea of function can he traced to confusion
© on these matters. Therefore 1t hecomes important to make certain
that the student understands these points from his very first con-
tact with the function concept. .

Answers to Problem Set 17-1b; pages 517-519:

1. A1l statements in Problem 1, and all in Problem 2 except (b), .
(a), (e) define functions. The statements in 2(b), (4), (e)
fall to define functions since they associaﬁe more than one
number with some of the numbers in the glven sét of real numbérs.

2. (a) 2x -5, x<¢1

(p) No single expression
(¢) 3x +7, x any real numbef
(d) No single expression
(e) No single expression .
3. (a) Domain of definition is the set {1,2,3,4,5,6,7,8,9,10).
(1) Number of the day|1|2 |3| 4| 5|67 8| 9 |1o
Income for the | 7I 5‘ 6|—4|—7I 4' O\—3|-4 |-6

day (dollars)

(ii) The function cannot be described by a simple
algebraic expression in x. However it can be de-
. scribed by a polynomial of sufficiently high degree.

313
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(b) The domain of definition 1s the set of all positive
' integers and the range is the set {0,1,2,3,4}.

3 lu |5 ‘6 |7 |8| 9| 10| 11| e

2 ‘3 |4_lo ‘1 3‘ 4 o" 1| R

(11) The functlon cannci be represented by a simple
algebralc expression, but we can do the following:

(1) Positive integer ‘1 ‘2

i Remainder after |1 2

division by 5

With each positive integer n, assoclate

0, 1f n = 5k, k any positive 1ntegef,

l, if n = 5k + 1, k any positive 1nfeger.
2, if n = 5k + 2, k any positive 1nteger.
3, 1f n = 5k + 3, k any positive integer.
4, 1f n = S5k + 4, k any positive 1ntégeftmw

(¢) The domain of definition is the set of all pgsitive
real numbers.

4 ‘ cee

(1) positive real % 1 |J/2 % 2 | 3
number a
ia + 2) 211 -§(~/§+2)-% 21202

(11) To each positive real number a assoclate the
number;;%(a 4+ 2).

(d) The domain of definition is the set of all positive

integers. , : S
(1) positive in- l 1 ‘2 ‘3 lul 5 l 6 ‘ 7 l 8 l 9 ‘10‘...75
teger n }’ : o

th . 4 B

n"" prime 2|3 |5 7111 |13 l17 |19 |23 |29|...nv

(11) ©No function is known whose domain of definition 1s
the positive integers, whose range 1s a set of
primes, and whose rule 1is an algebralc expression,

[page 5171
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_(e) Domain of definition 1s the set of all positive integers
from 1 to 365 4inclusive. The range 1s all non-
negative integers from O to 364.

(1) number |1 |2 | 3 |4 |... | 360|361]|362}363|364|365
. of day :
days re-364 [363}362(361 | ... 5141312 |1]o0
maining
in year
th

(11) To the n"" day associate 365-n.

(f) Domain is the set of all positive integers less than or
equal to the number of dollars which you possess.

(1) number of | 1 2 3 Jeee| 20 ... 200 ...
dollars
invested
interest | 0.06 |0.12 |o.18|... ll.eol ...|6.oo| ...
at 6 ‘70 : .

(11) If P 41is the number of dollars invested,
assoclate 0.06P.

(8) Domain 1s the set of all positive real numbers.

111112 '
(1) diameter in inches Tl 13|57 |~/2 2
circumference in T T
inches 7|1 | z 2 ’ﬁw am

(11) If 4 1is the diameter, the circumference-is wd.

(h) Domain is the set of all real numbers.

Filrst position:

-3 -2 -1 (o} I 2 3.
[ S A R A
! [ [ | I l
] I | | | !
-3 -2 - 0 i 2 3
[page 517]
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Second position:

-3 -? - o] | 2 3
T i —
| | } | |
' | [ | | l
| ' : { ! !
i ! | . ! |
F : = : ——t :
3 2 I 0 - -2 -3
(1) real number a |-2 | -1 |0 '% 1|2 lw0}...
number assocla- 1
ted with a 3 2 1 5 0 1-1 -9 ces !

(11) Let a be any real number on the upper line. After:
- the lower line is moved so that its point O 1s
directly under the point 1 of the upper line, the
point on the lower line directly under a 1is :
a - 1. When the lower line is rotated about O, the:
number a - 1 1s replaced by its opposite, -(a - 1),
or 1 - a. Therefore the resulting assoclation can
be stated as follows:

To each real number a, assoclate the number

1l- a.

i, The domaln 1s the set of all positive 1h$egers greater than 1.

positive 2l3lulslel7|8|9tr0o]12 2223|214 |15

integer n

smallest |2 |3| ABHEBEBEE | 2l13 ] 2 | 3] .
factor in n .
greater
than 1
The prime numbers are assoclated with themselves. The range

is the set of all primés.

316
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This function is similar to the example discussed at the.
beginning of the chapter. The domaln is all real numbers
between O and 42 and the range 1s all integers from .l
to 42. The function cannot be represented by an algebrailc
expression 1in one variable. The numbers assigned to 3.7
and 5 are U4 and 5, respectively.

The verbal description is the only method we can glve now for
representing this function. The numbers assigned to -,
3 J2 1 T

-5 - 0, L 2, Pl and 10 are 1, -1, 1, -1, -1,

l, 1 and -1, respectively.

Notice that E—%_§ gives a real number for every value of x
different from -2. Slince we only have sgquare roots of non-
negative real numbers,v@?frzr is meaningful only for
x+2>0 or x >-2. |

(a) ALl real numberslexcept 3.

(b) All real numbers greater than or equal to 1.
(¢) All real numbers except O.

(d) A1l real numbers.

(e) All real numbers x such that x2 > 1l. This is the same
as the set of all real numbers x such that either
x>lor x ¢-1.

(f) A1 real numbers except 2 and -2.

Notice that 1f the'perimeter of a rectangle is equal to
10 ft. tihen the length of a side must be less than 5 f¢t.

(a) The domain of definition here is the set of all positive
integers between O and the number of dollars which you
possess. (Some might want to think of borrowing as
negative investment, in which case the domain would
include negative Integers depending on your credit.)

- 317
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- (p) Siztes the area of a triangle 1s equal tc one-half the
tesz « times the iltitude a, we must have

2

x -

%xz =12 or a = In =Hls case the cEFs® ==n hav=

ar— lwength whatsos i~ 2x+enxt 0. Therefore - e domain

i: . -2t of all ptsls? - real rumbers.
(¢) T . om of the box
' mnsions 8-2x
X Ix
Wy 2x. Hence the i
voluligy is given . X ——— e e __:—X .
by ! ! B2
: i
‘8-2x)(10-2x)x x | T X J
or b3 X
x(U-x)(5-x) . \ — ,
10-2 X

Obviously the square

which 1s removed must

have its side less than 4, so that 0 «¢ x ¢ 4. In
other words the domaln of definition 1ls the set of all
real numbers between O and 4. : :

17-2. The FunctioﬁﬂNotation,

The function notation must be handled with great care. 1In the
beginning one can not do too many examples and exercises of the
type, "What is the value of f at 2?" or "What number is repre-
sented by f£(2)?" Check the students on this at every opportunity.
Tt 1s essential for everyone to understand that the symbol = "f",
when used for a function, stands for the complete function and not

Just for the rule or some speclal way of representing the function.

[page 519]
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Notice thaz we hyi. awalde using tze misleading - icression "the
function =(x)" =: + abs'- .ute for the correct z.,. -ession "the
function £". I~ .. weeris, f£(x) 1is a number # .:ch 1s the value
"of f at x, it ‘ne fuxrsion itself. ‘

' If two variai. - =x ad ¥y are related by t: =z sentence

y = f(x), where 2 lg ~ <ven function, then x 1is sometimeé
called the indepenqégg_yggiable and y the dependent variable in

the relation. Thi- N ogy, wixleh 1s used by many, has been
avolded here since . ~ SC easlly abused. It leazds to expressions

such as "y is a £+ 7., ©2 x" which tend to otscure the
function concept.

For the funct. " defined by the rule,
f(x) = . ir each real number x,
f(-—%) = -%% , £ =2, f(%) =2, £(s) = 2s-1 ,
£(-t) = -2t -1, - ‘t) =-2¢6+1, f(t-1)=2(t-1)-1-=

2t - 3, f(t) -1 = "7 -1) -1 =2t - 2,

For the functiozr z deflned on page 521, the range is
the set {-1,0,1}. Arsc, g(-35.2) = -1, g(0) = 0O, g(-—%) = -1,

g(«/2) =1. If a > C. g(2) =1 and g(-a) = -1. If a # 0,

g(lal) = 1. The rule "zr g cannot be given by a simple algebraic
expresSion in one wvariable.

Answers to Problem Set 17 -2; pages 521-524:

1. (a) F(-2) =3 ) F(0) = 2 (1) F(%) =2-
(b) -F(2) = -1 (£) IF(-6)| =5 (i) F(2t) = 2-t
() F(-3) =7 (&) F(I-61) =-1 (¥) F(E =2-3
(@) F(1)-1=% (1) F(t) =2-3

[page 521]
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2. The comaln of definltion of G 1s all real nunlzxit and e
rang= 1s all non-negative real numbers.

(a). G(0) = 0 (b) @(a) - 6(-a) =0 () 81
The function h 1s identical with the functior g deflned
in Ssction 17-2. Be sure that the students u::ierztand why
h = z. Emphasize again that the function is liuem=adent of
the particular method of describing it or the symucls usez to
represent 1it.

G

L, If x ¢ 0, then |[x]| = -x , so that TﬁT = =1,
I x > 0, then |x| = x , so that TﬁT = 1.
Therefore
‘ -1 ,x¢0
k(x) = 0,x=0
1,x<90,

and hence k = g.

5. (a) K@) =3 () ®E®) =-3 (&) u(-3% --8
(d) -H(-2) = -3 (e) H(-1) +1 =1 (f) H(3) is not defined.
(g) H(a) = a®- 1, for -3 <a < 3.
(h) H(t-1) =t - 2t, for -2 ¢ t ¢ 4. Notlce that,

1f -2 ¢t < 4, then -3 ¢ t-1 < 3,

so that H(t-1) is defined (i.e. t-1 is in the domain of
definition of H.)

2

(1) H(t) -1 =t“-2, for -3 ¢t < 3.

6. (a) The domain of definition of @ 1is the set of zli real
numbers x such that -1 ¢ x ¢ 0 or O<¢x <2, 1l.e.
all numbers between -1 and 2, except O amd
including -1 and 2.

3290
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-

{z) The range of 9§ «cons. .5 of tfie number -1 along wi.th
=11 x such that O g 2.

(¢) ~(-1) = -1, @(-%)=-I, Q3 "s not defined,

‘{%)»;-%: Q(%J =M%, ) iz nat de?ined.
() = 1 <he same functlon as C. (3ee Problam 5 abows.)
7. (a) =2}
(p) 211 =x such that 4 ¢ x.
(¢) (5}
I
(@) {5
(e) 411 x such that =x ¢ 0.
(f) All x such that 2 ¢ x.
8 (a) {‘1, 1}.
a4 o
(p) (o, 2}
: . +—9 t
0 2
(c) All z such that -1 ¢ x ¢ 1.
A0 | '
(a) £~1 x such that either
_ . . e T ¢ -3or x >L1.
-3 0 |

321
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The domain of defimlition:of f 1is the set of'allrreél
sumears, and the danain of definition of F 1s the

set of all real numbeT: different from -2. Therefore ~ = .~

£ 4 ®, However, slmas
2
§__:_% =x -2, 1f x $ -2,

. we ha=.
r(x) = F(x), for all x ¢ -2.

(b) I: both cases the damain of definitlon is the set of all

r==1 numbers. Since
tu -1_4:2_4
‘c2+1
numbers t, it follows—that g =

for ali real

17-3. Graphs of Functions

The graph of a function gives us a quick way to pilcture cer- S
tain propertiss of the functiom. 1In most cases we are primarily -
interssted in the "shape" of the graph rather than in the precise   ;
locaticr. of imdiviéz=l points, although there may be_certain'kéy
- poiniz which meed t= be locat=d carefully and‘doubt about the shapé”j
of a m—rtion of the graph cza frequently be resolved by locating a-  ‘
~ few jxZfciously chosen pewi==. Other kinds of information can also -
be hellpful in determining u=: general shape of a graph. For.ex— s
" zmple, without loca=ing =zoy roints whatsoever, we'know~that'thef
gxsnt o I = 3x?‘+‘1 must “e above the line ¥y =1 -since- ‘ L
3%? . & B all x, Also, slnce Ocagb Amplies .0 ¢ a < He;f
W lanme tnet the grapk of ¥ = =3%x° + 1 rises to the right.. CIE :
must te= Fomressed o tie studexw that the objective in irawing a
‘grapo Iz mxt simpIy to Locate = lot of points- but “rather to dis—
. cover === Stmpe.of the zraph Ty any methods which can be applied.
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The location of certain careful®w chosen points of the graph 1s one
of the methods. '

Example 1. The graphs of ‘the Zunction f defined by:

f(x) =2x-1. 0 x< 2
and the functlion P define:. Db :
F(x) =2x- 1. -2 .x<¢?2

are diffevent since the first grzpn is the line segment joinling the
points (D, -1) and (2, 3) witz the first point included and the
second exzluded and the second g=iph 1s the line-segmeni Joining
the points (-2, -5) and (2, 3) with both end-points excluded.

Answers to Problem Set 17-3z;pages 525-526:

1. (a)
| Ly I*
i >
Lo lydT(8) : AE‘/
ol |
f_: - 2 S
(b)
L r
|
N y ’
N sl
| ¥=G(
X
- 0

323
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(c)

(d)

(e)

Jr _ {23 y |
X L
| i/
lysyiT\ i
T i
- + ﬂﬁ‘r

I
-9 |- 0] 3
; i\} X ’

:" { -1
| i i

! l i po

y oL
P, LT
‘r\f i '
l !
o \
i 4y e
—; i L T l’ '3 !

[p=ge 5253
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(a)

(b)

Le)

(a)

{e)

(£)

1y

‘T

[3]
s

\"roaE

5

such that %—g y<% - | o

Oo

Domain: all x such that -3 <X <3,

such that 0 ¢ ¥y < 3.

Domain: all x such that -3 ¢ x < 3.

such that O ¢ ¥ < 3.

Domain: all s such that -1 ¢ § ¢ 2:

c,
2%

- 501

Range: all ‘y':,595
Range: all 'y IR

Range : a1l y,.i-'*

Domain: all t such that -2 ¢t ¢ 1. Range: all yi

such that -1 <y < 3.
Domain: all non-zero real numbers.

Same function as in-(e).

Range:

N
"

+ o e p
e

: ?. v
¥ §

N
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'f(x) =

="

Domain: all x such that

)

Range: all y such that - 5ﬁ
Oyl

_x’ —l S x S o - » '. ~_xi!

%x, O«¢xc¢22.

There are many functions which satisfy all of these conditibng;?}
One example is: o S

AR EEE LR

i w

" [page 526]
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S _ For any number a in the domain of definition of a.
ﬁgfunction. f, there is exactly one point on the graph of the A
fgfunétion with abscissa a, viz. (a, £(a)). Therefore the vértical’jy
“7line x ='a will intersect the graph of ~f ~in exactly one point, - -
. viz. (a,f(a)). If a 1s not in the domain of definition of £,

lfthen the line Xx = a willl not intersebt the graph of £ at all.
. “The rule for f can be stated as follows: "To each real number”v o
ﬂ.a- in the domain of definition, assign that real numbér b such- o
~ that (a,b) 1s a point on the graph. " .

‘ﬁ‘Answers to Problem Set 17-3b; pages 527-529:

1. Each of the graphs (a) - (), whether or not it is the grapnv e
E of a function, determines a set consisting of all those real . .
aumbers a such that there 1s at least one point _on the graph "1
‘with abscissa equal to a. If the graph happens to be: the .d
graph of a function, then this set 1s the domain of definition xﬁ
of the function. Now, for each number a 1n this "domain" ,
we assoclate all of those real numbers b such that (a,b)
is on the graph. This association will be a function if and
only 1f there 1s exactly one such number b for each a.
Mis is the situation in cases (a), (e), (h) and (1), so that -
these are graphs of functions. On the other hand, 1in the
remaining cases, there are values of a to which several dif-
ferent values of - b are assoclated, so that these are not
graphs of functlons.: l
Most of the students obviously will be unable to discuss
this exercise as precisely as we have done _ above. However,
most of them should be able to get ‘the idea. Acceptable an-.
swers in the cases (e) and (f) might run somewhat as follows
"(e) 1s the graph of a function because there is only one_ vw 
point on the graph directly above any point on the X- axis and
therefore, the graph can be used to define an assdciation for .
a function as was done in Problem 1(d) of Problem Set 17- la.

[pages 527-528]
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Also, (£) 1s mot tk= graph of a function becéugq directly
above some points cn. the x-axis there are two points on the
graph, so that the graph cannot be used to define a function."

In gaing over these problems, try to get the students to -

state expIZclzily whzt the domalin of definition is and how the
rule might be formuii=ted in those cases which are graphs of
functions. Problems 2, 3, and 4 are intended to lead up to
the general criterion for a graph to be the graph of a
function.

(a) h(-3) =+/"3. This can be estimated roughly aé 1.7.
n(o) = 2, h(2) = -2, | -

(b) The set of all x such that -4 ¢ x ¢ 3, '

(c) The set of all y such that -3 ¢y ¢ 2.

(a) For = n the domain of definition of g there will be
one == @nly one point (x,y) on the graph G. The num-
ber glix) is equal to the ordinate y of the point
(x,7} =¥ the graph. '

(b) The domain of definition of g 1s the set of all real
numbers X such that there exlsts a point on G with
abscissa equal to Xx.

(¢) To show that "if (a,b) + (c,d) then a #4 c¢," we may
prove the contraposlitive of this statement, namely,
"if a =c, then (a,b) = (c,d)".
Thus, 1f a = ¢ and 1f the points (a,b) and
(¢c,d) =re on the graph of g, then b = g(a) and )
d = g{e}. Gince g 1s a function, there is exactly’oné'~5
vali= g(a). Hence, if a = ¢, then g(a) = g(c). It
follows that b = d, and (a,b) = (c,d). This completes
the zroof. ‘
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4. This problem 1s the basis for the "ordered pair" definition of
function which the student will eventually encounter if he
continues in mathematics. In the "ordered pair" definition,
the function 1s ldentified with 1ts graph, i.e. a set of
ordered pairs, and so the definition consists 1n specifying
which sets of ordered palrs are wanted. '

In order to show that the set of points G which satis-
fies the given condition is the graph of a function we need to
exhibit the domain of definition and the rule for a function
g so-that G 1s the graph of g. Take the domain of defini-
tion as the set of all real numbers x such that there exlsts
y for which the point (x,y) belongs to G. Notice that, by
the condition on G, there 1is for each such Xx exactly one
number y such that (x,y) belongs to G. Therefore, if we
define g(x) =y for each x 1in the domain, the result 1s a
function g whose graph 1s Q.

5. This is not the graph of a function.

n
\
)

S

/
7
ON 2 5 | 4 X
~
] ()
I
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17-4. Linear Functions

Any line (or portion of a line) is the graph of a linear ,
function with the exception of vertical lines. If a line is not
vertical, i1ts equation can be put into the y-form: ¥ = Ax + B.
Thus every linear function can be represented by a linear expres-
sion, In other words, if f 1is a linear function, then there
exlst real numbers A and B such that f(x) = Ax + B fon»
every X 1n the domain of definition of f.

Answers to Problem Set 17-4; pages 529-530:

l. (a) The graph is a horizontal line, y = B.
"(b) The graph is the x-axis.

(c) Since the points (-3,0) and (1,2) are on the graph, we
must have
A-(-3) + B

{ 0

2 Al + B .
Tnls 1s a system of equations in the unknowns A and B.
The solution is A = % and B = %. The problem can also -
be solved by obtaining the equation of the line de-
termined by the points (-3,0), (1,2) and then writing it

in the y-form.

(d) The domain of definition is the set of all real numbers
x such that -3 ¢ x ¢ 1.

(e){l
3
1

Solviﬁg for A and B, we obtain A = 5 and B = %.
Again, we could obtain A and B Dby writing the equa-
tion of the line determined by the points (-1,1), (3,3)
in the y-form. Note that this is the same 1line but a _
different function from that in (c).

A-(-1) + B
A3 + B

o

[page 529]

330




597

f) The slope is L and the y-intercept number 1is %.
2 e

(g) Tnhe domain of definition 1s the set of all real x such
that -1 ¢ x ¢ 3. .

2. The equation of the line L 1s x + 2y +1 = 0. When y = 2, 3
X = -5 ‘and, when y = -2, x = 3. Therefore ‘ ‘

h(x) =-%x - %, -5 ¢ x < 3.

M‘3. (a) 1linear (d) not linear -
(b) not linear (e) 1linear /
(¢) not linear (f) not linear

b () e(x) = -£(x) (@) glx) = £(lx])
(0) &(x) = |£(x)| ~ (e) g&(x) = £(-x)
(¢) &lx) = 15y (£) &(x) = £(x?)

5. (a) The graph of g 1s obtained by rotating the graph of f
one-half revolution about the x-axis.

(a) (e)

y

o 21y
[ 3 [

& \ N
’ Y ' &

)
0 b X -2\ - < X
J 4 'Pp =
947 f,f
o 2

&

(e) The graph of g 1s obtained by rotating the graph of
f one-half revolution about the y-axis.

[page 530]
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:v Answers to Problem Set 17-5a; Pages 532-534:

. The graph of the equation (y - F(x)) (y - G(x)) =0 is

the set of all points on either the graph of F or the graph ‘:
of G.. : .

1.

(a)

(b)

(c)

(d)

(e)

£(-2) = -11; £(-3)=-195 £(0) = -21; £(§) = -22kd;
£(3) = -21; f(a) = a® - 3a -21; r(%) = %— - %; -21;

fla +1) = (a + 1)2 -3(a +1) - 21 = a® - a - 23.

&(-2) = 10; &(-3)

(Note that the domain of g(x) 1s_—3 < X ¢ 3.)
2

—1%;‘ g(0) = -2; g(3) 1is undefiﬁed.
g(2t - 1) = 3(2t - 1)2 - 2 = 126 - 12t + 1 for

-l ¢t <2 (the:‘ -3 < x <3, hence -3 ¢2t -1 ¢ 3
or -1l<¢tc¢?2.)

f(x) = x° - 3x/- 21 = (x - %)2 - 23

(c-2) + L) (x-D - B

(-G -2) (x- G+ BB -0

Hence, { 3 +2‘/§§, 3 - Vﬁ?;} is the truth set.

]

2
—_0 { O—
0
EL;;§JL2§.N -3.3 EL;%?ZJZQQ=6.3

£(t) + g(t) = 42 - 3t - 23. Note that if one function
is defined for all real numbers and the other funétion
is defined for -3 ¢ t { 3, then the sum of the two
functions 1s defined for -3 ¢ t <¢ 3.

332
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(z)

(h)

(1)

(a)

(b)

(c)

f(a) +3 =2a% -3 -18; f(a +3) = (a +3)2- 3(a,+'5)1

is defined for -3 <t <« 3.

599. .

- 21 =a® + sa - 21; 3f(a) = 3a2 - 9a - 63;

£(3a) = (sa)2 - 3(3a) - 21 = 9a® - Ga - 21.

All in part (f) are quadratic polynomials.
. 5

£(t)g(t) = (t2 - 3t - 21) (3t° - 2)

3 |

= 3t - 9t3 - 65t2 + 6t + 42

Note that as in case (e) the product of the pr.funcﬁioﬁé
The result in (e) 1is a quadratic polynomial and .in (h) = .

the polynomial is not quadratic.

A= %b (b +10) 1is a quadratic pol, .nial; domgin (of

definition): every positive real number.

If the smaller number 1s denoted by 's, then the larger'ii g
number 1s 120-2s, and the product P = s(120 —l2s) 1s

a quadratic polynomial in s. Since both numbers are .
positive, the domain is the set of real numbers s suchiy'"
that 0 ¢ s ¢ 40. Note that this restriction of ‘the

domain is necessary because of the condlition that s 1is

the smaller of the two numbers. .

If L 41is the length of the side parailel to the wall,

then the length of the side perpendicﬁlar to the wall 1s
%(120 - L), and the area A of the rectangular pen is:

A= %L(120\— L). 'The area is a quadratic polynomial in

L; the domalin (of definition) i1s the set of real num-

bers L such that O < L ¢ 120.
\

[pages 532-533] N .
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.3, (a)
y
t39) 1( Y
\ /
RN EYE
0 2
(L1
N
(o)
~ 2ot be,0)-
1 ]
VL
\ L
o 2
\
0,43)
334
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r mw

e know that thz product of two positive or two negative_f.

=eal numbers ls positive. Since x2 =X *x, 1t follows thatvf 

2

b is a product of two positive numbers if x > O, or of

=wo negative numbers, if x ¢ 0, that 1s x2 > 0 for any
real number - X # 0. We know further that if ab = 0, whéré“IQ
a and b are real numbers, then at least one of them 1is
zero, Slnce x2 = x+x = 0, 1t follows that x = 0. Con- o
versely, if x = 0, then- x2 = xex = 0°0 = 0. Since pdints ;”";
with positive ordinates aré above the x-axls, 1t follows that ' :
the graph of y = x2, has positive ordinates for all x # O

and a single point (0,0), for x = 0, 1lies on the x-axls. -

Note that by the graph of the function. y = x° we mean
the graph of the open sentence ¥y = X2, If (a,b) 1is a point
on the graph, then b = a2 is true. Since b = (-a)2 =a",
it follows that the open sentence is also true for the ordered

pair (-a,b) ; in otner words, (-a,b) 1s also on the graph.
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10.

‘ordinate of y =x by y,, then for 0 < x <1l we have

¥ = X.

set (J/a, - Ja} for a #0 and. the truth set (0) forf

If -x 1s positive, multiplication of the members of
"x ¢ 1" by x ylelds x2'< x. If,.for the same value of
X, the ordinate of y = x2 . 1s denoted oy yl and the

V1 < Yoo In other words, the graph ofv y=x 2 lies below the
graph of y = - Do
2

Here, as-in Problem 6, we obtaln x ¢ x° and y2 < yl

Henze, for x » 1, the graph of y’=Ax2 lles above the line

_ Multiplication of the members of "a < b" by a 'and b
yislds a2 < ab and ab ¢ b2 respectively. Hence, by the
transitive property of order we obtain a2 < b2. E
If we denote ya = a2 and Vyp = 2 then by the sbove
property for b > a we obtain Vp > ¥y for ali ‘b >a>0.
Hence it follows that the graph of y = x° risss steadily as
we move from O to the right. | D

The horizontal line y = a where a > 0 (since the .
graph of y = x2 is above the x-axis, a cannot be negative__
and the graph of . y = x° have equal ordinates at the points S
of intersection. Therefore, x2 = a. : ' ' SRR
Since x° - a = (x = J/a)(x +./=), x% - a = 0 has the truth

a =0, 1t follows that there can be at most two points of
intersection.

Since the slope of a line containing the points (a,b):j

d - Db
¢

and (c,d) 1is

,(c # a), we obtain easily for the

- 0

= a. Hence, we "

points (0,0) 1and (a,a ) the slope

conclude that theﬁslope oil’ the line contalning (0,0) and
(a,a2) approaches ‘O as a approaches O. But a line

passing through (0,0) with a slope close to zero apparently .

[page 534]
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approaches the x-axis, which touches the parabola at (0,0).
If we note that the segment of the line between (0,0) and
(a,ag), for a ¢lose to 0, nearly coincides with the arc
of the parabola, it is plausible that the graph must be flat
near the origin. ' ’

%H,Answeré'ﬁg Problem Set 17-5b: pages 535-536:

ﬁuzl. (a) The smaller the value of a, the flatter the graph of

b y = ax?, and for a = 0 1t degenerates into the x-axis.
All parabolas for O <ca <1 are between the x-axis
and the parabola y"=~x2.

' 2
(b) For a > 1 the parabolas y = ax are inside the
parabola y = x2.

(c) The graph of y = ax® 1s between the x-axls and the
parabola y = -x2 if -l¢a ¢ O.

(d) The graph of y = ax® 1is inside the parabola
y = —x2 if a < "1-

(e) The graph of ¥y ='ax2 is very close to the y-axis for
la] very large. '

2. The graphs of y = x2 + k and y = x2 dlffer only 1in loca-

tion. The graph y = x2 + k 1lies |k| units upward if
k >0 and |k| units downward if k ¢ O.

(x - h)% and y = x2 differ only in location; namely,
vy = (x - h)2 is Ih| units to the right of y = x2 if
h >0, and |h| units to the left if h ¢ O.

w
<
il

4. (a) y = (x + 1)2 has exactly the shape of y = x2, and is

located one unit to left of 1it.

-x2, closer to the

1

(v) y= -3x° 1s inside the parabola R
y-axis. :

[pages 534-536]
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,“.(c).

‘x-axis 1f h ¢ 0, and x| units upward if k > O, and Ikl;

. x=aly - 1)2_- 1. Since a 1s arbitrary, there are

z? - 3 has exactly tb= shape of the paramnla
= x2, ‘and 1s located 3 units downward '

= -(x - 1) has exactly the shape - of the parabola
= -x2 and 1s one unit to the right of it.

(a)

R I N - R B
il

(e) 2(x - 2)' has exactly the shape of y = 2¢® whichf
s inside of y = x°, and 1s 2 unlts to the Tight of
(£) = (x.+ 1)2 + 1 has exactly the shape of tim parabola
= x2, and ‘1s located one unit to the 1efu.and one- unit
upward from y = x°. : R
(g) = 2(x - 1)2 -1 has exactly the shape.of y = 2x2
and is one unlit to the right and one unit downward from
o 4 | A
y = 2x".

(h) y=-2(x + 1)2 - 1 has exactly the shape of ¥ = -gx?
which is inside y = -x° and located one unit to the]'

left and one unit downward from the parabols y = -2x .

The graph ¥y = a(x - h)2 + Kk can be obtalned by. moving
the graph y = x2 in the positive direction of fthe x-axis
[n] units, if h > 0, and in the negative directiom of the o

units downward, if k ¢ 0. The vertexand the equation of»thgi
axls of the parabola are (h, k) and x = h, respectively

1hfinite1y_many such parabolas.
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""swers to Problem Set 17- 6 pages 538-539

{; (a),

(b)

¥y =X

. . R A N ¥ N
e B\ UBENR
- 1199
-

-6x+10 (x-—3)2+l

. .}5 ﬁ[[‘“

- .

o "

= 1x® 4+ bx - 9 = lh(x‘-t- -]l)ev - 10 "

L
1P e

N

¥

-1 339
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(d) Y=-x2-x+h——-(x+%)2.+%
¢
y
(-'f;*)
NANAY
k-] (23 X
2w AN ERIT T
T
’ 4
) [page 538]
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T o
+

3

]
—_TTF
—

(a) no points.

-1 ++/10 -1 - J10
(o) (2320 (110

,0) and =, 0)

[page 538]
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*l,

 (§)' (_1 + ~/——,o) and (;}f%;;iCEE;O)
(e) (“;€§50) | S
[5) (£1§_~f__ 0 wa (=250
- A(x NEY +:-__m__f‘4ci - 5" .
= a(x - b)? + k,

(\/;0) and ( -«/g,vo), |

() a(x - h)" + k

ax® - 2ahx + (ah2 + k) = 3x2 —;7x +*5f
If a=3, -2ah=-7, ah® + k=5, then
a =3 1implies that -2(3)h = '57; 1.e. .'h'=,%;',

a =3 and h fa%~ implies that (3)(5) + k =5, ..

K = 13, |
Hence, 3x° - 7x + 5 =”3(x - %)2 ;w%%.
(v) ax® - 2ahx +‘(ah2 +_k) = 5x2 - 3x + %5
If a=5 -gah = -3, ah® +k = £, _theﬁn
a=5 h=og h=i | “
Hence, 5x° - 3x +é—36 = 5(x - -1-35)2'4.%._‘
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”

. 2 o
(e)* ax> - 2ahx + (ah™ + k) = Ax® + Bx + C, for every real

number x. Thls ls possible if
a = A, =-2ah = B, and ah2 4+ k = C,
If a = A, then the sentence '"-2ah = B" is equivalent

to "-2Ah = B," that s, h = .
h = _é% , then "ah® 4 k = C" 1is equivalent to

" B2 o _ n S 7 B2 _ hac - B2
Aegge A k = C, that 1s, k = C-'EK =

Also, 1f a = A and

Answers to Problem Set 17-7; pages 544-545:
1. (a) not factorable
(b) 6x°% - x - 12 = (sx -+ ¥)(2x - 3)

In this case, completion of the square would result
in the.same factors, but we should first try to find
factors over the Integers by the methods of Chapter 12.

(c) % %2 + bx + 6 = %—(x2 + 8x + 12)
= 2(x + €)(x + 2)
(@) 4y2 2y + 7 = (2y +3)°
(e) not factorable
(f) 2 - 2z - 2° ;.3 (2 +1)2 = (VT w2z +1)(JST -z - 1).
() 1-5¢°=(1-v/Bx)(1 + v5x).
(h) not factorable.
(L) 5v2 - 5v - %% = 5(v - %)2 - b

(VB(v - ) + 2)(/Bv - 3) - 2).
“(J) X2 + (a + b)x + ab = (x - 3%2)2 - (E%E)g = (x +a)(x + b}

343
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(d)

(o)

(g)

(a)

(b)

(c)

-2 . 2

4C§ V3 "

Y - 3x2.= (4 +3x)(1 - x) =0. (- 5 1.

2.

s€ - 8 - % = (s --%)2 —-% = (s - % —Yfgs(s - % +Y£§5 = 0.

1 +4/3 1 -/3
{2 4 2 ]

. Il' . .

%yg + 2y - 3-= %(y + 3)2 -6 = % ((y + 3)2 - 18)
='%(y +3 +v/18)(y + 3 -v/18) = o.

, (-3 - 3/2, -3+ 3v/2}.
2. '
3n® - Tn =n(3n - 7) = 0. (0, L.

From the fact that

a(x -h)2 +k=a (ﬂx - h) -5), a £0
1t follows that 1t is factorable if % ¢ O.

Ir k. —p where p = %, m and n are integers, then

a

a(x - h)2 + k = a((x - h)2 - p2)= a(x - h - p)(x -'h + p)
=2, (n(x - h) - m) (n(x - h) + m) where m, n, i are
integers with a possible exception of the constant factor
%2. If n=1, that is, p an integer, then %2. is .
also an integer. Hence, if-—-g is a peffect square of
an integer, the above polynomial 1s pérfectly factorable
over the integers.

k

k
Ir E<O’ ry

0, or g > 0 the truth set of
a(x - h)2 + k contains two, one, or no real numbers,

respectively.
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5.

(a)

.

611

If the length of 1ts longer side is x inches, then the
length of the shorter side is (6 - x) inches. Thus

x(6 - x) =7 or x%2 - 6x+7 =0
(x-3)2 - 2 = (x - 3 -v/B)(x - 3 +/3) = 0.

Hence, x = 3 +./2. The rectangle is (3+#/2) inches wide.

x2 - 6x + 7

If one slde 1s x dinches, then the second side is
(x - 1) inches and the hypotenuse is x + 2. By the
Pythagorean Theorem we have

x2 4 (x - l)2 = (x + 2)2 or x° - 6x - 3 =0

x2-6x‘—3=(x-3)2—'12
= (x - 3 12)(x - 3 +/12) = 0.

Hence x = 3 +./I2. The required side is 3+2/3 inches long.

If one number is x, then the second is 5 - x, and the

product x(5 - x) =9, or x° - 5 + 9 = 0. Since the
truth set of x° - 5 + 9 = (x - g)g + %; = 0 contains

no real numbers, the problem has no solution.

In Problem 3 in Problem Set 17 - 6 we obtained the relation

(a)

(p)

2
2 _ By2 B°-hAC
Ax +BK’FC_"A(X+'§K) - T hA
B By2 B2 - haACc
= Alx + 5p)° - g

2
o o2 . By 2 B - lAC )
If B - 4AC ¢ 0, tnen (x+§—A-) ~ gz > 0
The parabola y = Ax2 + Bx + C is above or below the

x-axls (above for A > 0 and below for A ¢ 0), that is,

Ax2 4+ BXx 4 C = 0 has no solution.
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(¢) 1Ir B? - 8AC =0, then y = Ax® + Bx + C = A(x + 5p)°,

and the parabola 1s above or below the x-axis and touches

the x-axis at (- zp,0); that is, Ax® + Bx + C + O has

one solution x = %%.

. 2 2
(d) 1r B2—4AC>O,‘then A<(x+-é-) '--—-:-éi‘ﬁ9>=

/B2 —4AC B /B2 - uAC

A(x + —— i) (x4 = 5r - ) = 0

has the solution set

-B +VB% - 4ac -B -VB? . A

2A ? 2A

This 1s the familiar quadratic formula which 1is often
stated without proof. It 1s given here only as a
generalizatlion of the technique of factoring a quadratic
polynomial by completing the square. Do not ask students
to memorizé a formula. The important point is that every
quadratic polynomial can be factored, and, therefore,
every quadratic equation can be solved.

Chapter 17
Suggested Test Items

1. In each of the following describe (if possible) the function
(1) by a table, (ii) by an expression in x. In each case
describe the domaln of definition and the range.

(a) To each positive real number assign the sum of -2 and
: twice the number.

%@(b) mssociate with each integer the reciprocal of the
‘ integer

346
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(¢) To each real number assign the ordinate of the point
on the line with slope 2 and y-intercept number -2
whose abscissa 1s the number,

What is the domailn of the function defined by the expression
JWSFTTTF? What 1s the range of this function?
Given the funption g defined as follows:
g(x) = x-—% , for each non-zero real number x.

What real numbers are represented by

(a) e(-2) (e) let3)|

() &(-3) () 3 e(-1)

(c) -s(3) (g) &3 ,2a5>0
(@) &(l-3l) " (h) -g (-a) ,a>0

Consider the function F defined‘by

2 F) —2$X<O
F(x) = x+2, 0<x%2
(a) What i1s the domain of definition of F?
(b) What numbers are represented by Fong), F(%), F(0),
2 2 9 "

F(-2), F(2)
(¢) Draw the graph of F.
(d) wnat is the truth set of the sentence F(x) = 32

~Glve a rule for the definition of the function whose graph
is the line extending from (-1,2) to (%,1), including
the endpoints.

Is every line the graph of a function? If not, give SOme
exceptions.



10.

If° f is the linear function defined by

- (a). describe the graph of ‘£ if 5 =0 and m > O,

(£) Write F(x) 4in standard form and find the vertex and.

~‘discuss the -values of h and k for which the equation has-

f(x) =mx + b, for all real numbers x,

(b) describe the graph of f 1f m

0 and b > 0,

(¢) determine m and b 1if the graph of f contains the
points (-2,3). and (3,-2). '

Let F .and G be defined by:
F(x) = 3x° + 2x ;.4, -2 <¢Xx < 2,,

G(x) = x> +2  , -1 < x < 3. :
() Determine F(2) - G(1), F(-4) + a(-4). .

(b) Determine F(x) + G(x), -1 < x < 2.
(¢c) Determine F(x) G(x) , -1 < x.¢ 2.

(d) With respect to the same set of axes, draw the graphs o
of F and G. " -

(e) 'What is the truth set of the sentence "F(x)”= G(x)ﬁ,
“l'¢ x ¢ 27

the axlis of the graph of F.
(g) Solve the guadratic equatidn‘ F(x) = O, -2 < x < 2.

If a quadratic equation is written in the form
a(x - b)% + k = 0,

(a) two real solutions,

(b) one real solution,

(¢c) no real solution.

The first side of a rectangle is x 1nches in length; 1ts‘f
bthér'side is 2 1inches shorter, and the diagonal is }3;' N
inches longer than the first side.- What 1is the value of fX?f
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